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1 Introduction

There is a multitude of estimators given in [1], [2], [3], [4], [5], [6] and, finally,
[7].

The notation varies, for partially exhaustive auxiliary information, the clas-
sification given in [7] even deviates from canon (see 2).

So this is an effort to systematically describe the various small area estima-
tors.

Superscripts For partially exhaustive auxiliary information, Mandallaz ([4,
p. 1023], [6, p. 383f] defines Z*(x) = ZM!(z)+ ZP)(z) whereas Hill [7, p. 4 and
p. 18] defines Z*(z) = Z(O!(x) + ZM(x). T will stick with Mandallaz’ notation,
changing Z(0!(z) to Z(W(z) in Hill's formulae!

Indices Mandallaz and Hill inconsistently use the indices 5 and s,, they really
both denote the same: the set so. For the sets sp and s; they consistently use
o and 1. I change all set indices to sjp19)-

Hill uses Zé% (and Zél) which ([7, p. 18]) is the exact mean). So I do drop
the index, which is misleadingly referring to some set (and I do so for Z_é%)
Mandallaz uses RQ)G when calculating the variance of the residuals in G, for

example in [2, eq 26], where Rgg is clearly R(:E) while summing over s, and G.
I use the latter form.

Residuals I have replaced the empirical mean and variance of the Residuals
in G for clustered sampling,

ZwESQ,G M(I)éc(x)
ZxESz,G M(:U

and

;1 Z (M“))Z (Re() — Re(2))?,

n52»G - z€54,G M(x)

by their shorter notations éc,SQ,G(x) and V (R, ., o(x)) and likewise for non-
clustered sampling.



2 Estimators

In tables 1 and 2, we see the estimators for the two- and three-phase non-
clustered sampling designs. The estimators are grouped by the type of auxiliary
information: exhaustive (for three-phase sampling with full exhaustive auxiliary
information is just two-phase sampling with full exhaustive auxiliary informa-
tion with more observations, so there are no estimators), non-exhaustive and
partially exhaustive. In each block the (pseudo) synthetic the (pseudo) small
and the (pseudo) extended estimator and their variances are given.

Looking at the estimators for partially exhaustive auxiliary information we
see that the estimators and variances are identical for two- and three-phase
sampling. This is due to the fact that [7] implement the partially exhaustive
auxiliary information using a full and a reduced model. So they see it as three-
phase sampling where [4] clearly see it as two-phase sampling with partially
exhaustive auxiliary information.

Tables 3 and 4 give the same information for clustered sampling designs.
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exh Type Reference Formula

yes sy [27 €q. 18} ?G,sy?zth A: Z&BSQ
[2, eq. 19} V= ZgZ[;DZ ZG

yes sm [27 eq. 20} YAVG,small - }A/G,Synth + R327G(x)
[2, eq. 21} VaV (YG,synth) =+ V(Rsz,G(x))

Nsy,G

yes  ex [2, eq. 31] ?’G synth = 2 éSZ
[2, eq. 33} V = ZEZé ZG

no sY [27 €q. 22} YG,psunth = 51 G652

2,eq. 23] V = Zsl a2, Zgl c+h5, S5, Bes

no sm [27 €q. 25} YG ,psmall — YG,psynth + RSQ, (.f)
[2, eq. 26} V V <YG synth) + Ny, GV(RS2,G(z))
no ex [2, eq. 35] YG,psynt = égl abs,
N ~t ~ ~ a, A ~
[2,eq. 36] V=2, % Zs .0 + 0,2 0952
N - = (1)
part sy [4, eq. 34]  Ypsynth,G.greg = (Zg) Z,,. G) Qs + ZS1 B,
R (1) ne, 5 & s
4, eq. 35) V=228, 28 + (1-22)2,, o8 Zao
part sm [47 €q. 24} YG ,greg — psynth G,greg + R82 G( )

[47 eq. 23} V ~ V (Y;)synth G7greg) + V<R82,G(x))

2,G

2 - ~ (1)
part ex [4, eq. 30] Y greg = (Zg) Z, G> Hs, + Z‘,,1 0992

[4,eq. 31] V= %gg)@%ng f (1=t )Z

Ng b],GZ ZSI,G

Table 1: Predictors for non-clustered two-phase sampling, exh denotes exhaus-
tiveness of auxiliary information (yes/no/part, the latter meaning partially ex-
haustive auxiliary information), Type denotes the area estimator (sy for syn-
thetic, sm for small and ez for extended synthetic. Reference gives the refenerce
where found, else I derived them by analogy.



exh  Type Reference  Formula

yes sy -
yes  sm -
yes  ex -
. L (1) S\ R
no sY [77 €q. 26b] YG7P3ynth73P = ZSQ,G - Zsl G asZ + Z81 G652
A . n., 5t = (1) Ny St
[7,eq. 26d] V =af 3, 5 Gy + 52 Z .05, Zag. + (1 — " 2)Z GZ ZSI’G
S0
no sm [7, eq. 22D] Yo psmall,3p = = Yo psynth,G,3p + ng, (z)
[7, eq. 23b} VaV (YG psynth, 3p> + 7V(R62,G(x))
no ex 6, eq. 23] Y gareq = < 50.G — ? .+ ZSl abs,
. N ne ~t ~ e~
6, eq. 24] V =4l EZ<1)G%2 nsz 0,G 25 Z 50, G +(1 - e )ZSI,GE(;SQ 251G
50
part sy [7, eq. 263] YG,synth 3p — Z(l) 2 > 2 T Zsl G/B<52
. St L =(1) Py £
[77 €q. 26(:} V: ng, Z@Q,GE(X 2Z.50G+ 1 : )Zsl G255 ZS1G
part sm [7, eq. 22a] YG75mall,3p = YG,synth,3p + R52,G($)
7, ea. 23] V&V (Yoopmnap) + 5z V(e ()
: -0 _ 5
pal“t €T - YG,e:z:tsynth,Bp = ZG’ - Zsl G ’752 + Zsl G952

. ot
- V=22z0t8, 200+ (1-22)2,, 6% Zac
Table 2: Predictors for non-clustered three-phase sampling, exh denotes ex-
haustiveness of auxiliary information (yes/no/part, the latter meaning partially
exhaustive auxiliary information), Type denotes the area estimator (sy for syn-
thetic, sm for small and ex for extended synthetic. Reference gives the refenerce
where found, else I derived them by analogy.



exh  Type Reference Formula

yes sy - Y; G,synth = ZGBC s2
- V=25 Za
yes  sm - Ve G smatl = Ye,Gsynth + Rc 52,6 ()
- V=V (Yc G, synth) + 2.G V(RC,S%G(I.))
yes exr [2, eq. 48} Y/c, ,synth — Zé‘,’é&sz
[2, eq. 49] V= Z_éZé Z_G
c,s9
~ 21 ~
no sy [27 €q. 42} YC,G,psynth = Zc,sl G/BC,SQ
~ e at ~ ~ A ~
[27 €q. 43] V() = Zc sl,Gzﬁr so ZC ,51,G + IBC ;52 LC. o1 Gﬁ6732

no sm [27 €q. 44} ch G,psmall — }/:: G,psynth + RC ,82, G( )
2,eq.45] V=V (Y . ps,,mh) + 7V (R (@)
2 ~t A~
no ex 2, eq. 46] Y. G psynth = Z, 61.60c.s,
~ ~t N A ~
[2, eq. 47} V:ZQSl GEéC Z. 91(;+9(. 922— 0. .
~ ~ (1
part sy - c,psynth,G,greg — < - ( s1, G> Oz(. 2+ Zc s1, Gﬂ(‘ So
~ Ny 5 ng at N a
_ V = ﬁzg)tz&QSz Zg) (1 — - 52 )Zc s1, GE/BL o ZC,S1,G
part sm - f/(:,G,greg = }A/c ,G,psynth + ]%c 52, (.I)
- V=V (Yc psynth,G greg) + nsz P V(RC,SQ,G(:U))
2 =(1) ~ (1) . ~t ~
part ex [37 €q. 50} YC,G’!JTGQ = ZG - Zc,sl,G Ye,2 + Zc,sl,Gec’z
N N = ~ _ n ~t N ~
3 eq 52 V=3220"%s 26+ (1= §2) 200,65, Zenc

Table 3: Predictors for clustered two-phase sampling, exh denotes exhaustive-
ness of auxiliary information (yes/no/part, the latter meaning partially exhaus-
tive auxiliary information), Type denotes the area estimator (sy for synthetic,
sm for small and ez for extended synthetic. Reference gives the refenerce where
found, else I derived them by analogy.



exh Type  Reference  Formula

yes sy —
yes sm —
yes ex —
. (1) (1) . St .
no 5y - YG,psynth,iip = Zc,sU,G - Zc,sl,G Qc2 + Zc,sl,GIBCasz
oy N . ne, (Dt 2 (1) ney | St A 2
- V= ac,SQEZ(l) Ga5752 + ns? ZC,SO,GE(&C,SQ Zc,so,G + (1 - nsi )Zc,sl,GEBC‘Sz ZC,517G
c,s0,
no sm - Yc,G,psmall,Sp = YG,psynth,G,Sp + RC,SQ,G(w)
- V=V Yc,G,psynth,Bp + nS; = V(RC,SQ,G(;E))
2 ~ (1) ~ (1) . ~t ~
no €r [57 €q. 53} YC7G,93T69 = ZC,S(),G - Zc,sl,G Ye,2 + Zc,sl,GecaQ
e . ney st o ~(1) Moy | St . N
[5’ €q. 55} V= ’Yc,sgzé(l) Ye,s0 + ey Zc,so,Gzﬁc,sz ZC,SO,G + (1 - K)Zc,sl,GEéu . ZC,SLYG
¢,50,G ’
~ >(1) 2 (1) R ot ~
part sy - e.Gsynth,3p = | 2G° = Zeysy,a | Qe,2+ e sy ,6Be,sa
~ ne, (1)t 2 (1) ne ot N o
n V= n: chso,GE@c,sg ZC,SO,G + (1 - n: )Zc,sl,GEBQSz Zc,slA,G
part sm - }fc,G,{maél,Sp = T¢,G,synth,3p + ARC,:\SQ,G('Z')
- VaV (YC,G,synth,3p) + mV(Rc,SQ,G(I))
2 =(1) ~ (1) R ~t ~
part €T - Yc,G,e:ctsynth,3p = ZG - Zc,sl,G Ye,2 + Zc,sl,GOC,Q
. ng, (1)t ~ 2 (1) ng ~t ~ .
- V= nsf c,sO,Gz’%,sz c,s0,G + (1 - nj ) c,51,GZéc,52 chsl,G

Table 4: Predictors for clustered three-phase sampling, exh denotes exhaustive-
ness of auxiliary information (yes/no/part, the latter meaning partially exhaus-
tive auxiliary information), Type denotes the area estimator (sy for synthetic,
sm for small and ez for extended synthetic. Reference gives the refenerce where
found, else I derived them by analogy.



