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This article proposes some non-linear, thresholded wavelet density estimators, and inves-
tigates the practical problems involved in their implementation. Our proposed thresholding
method exploits the non-stationary variance structure of the wavelet coefficients. One pro-
posed method of estimating the variances of the raw coefficients uses the scaling function
coefficients. Since these are available as a by-product of the discrete wavelet transform, no
extra effort is required to find them. The performance of the methodology is assessed on a
real dataset from a forensic application and simulated data from a well known test function.

1 Introduction

In density estimation as in other smoothing problems, wavelet methods can provide a conve-
nient non-linear approach that exploits the localization properties of the wavelets to provide
good adaptive estimates. Theoretical properties of such estimators have been addressed in
several papers, for example Donogtoal. (1996) and Hall and Patil (1995), and a thorough
review of the subject can found in Chapter 7 of Vidakovic (1999). The present article takes a
practical approach to the method, and in particular takes explicit account of the non-constant
variance of the wavelet coefficients when thresholding. Softwagefus andChas been

written to implement the methods of this paper, and is available in Herrick (2001).

1.1 Example Data Set

The example data set consists of measurements of the lengths of gene fragments, used as
markers for forensic identification. There are measurements corresponding to four loci (the
position of the fragment on the gene) for each of two ethnic groups (Afro-Caribbean and
Northern-European). These yield eight data sets, of sizes varying from about 420 to 2401.
The data values all fall in the range from 1 to 20.

Because of the nature of the sampling mechanism underlying these data, it is not to be
expected that their distributions are smooth in a large-scale sense. Instead, the densities may
well be very spiky, and any estimation procedure will need to be able to cope with this. The
spikyness will give some very steep sections to the density functions, which is why wavelet
methods may well be suitable. The sampling density is useful, for example, to calculate a
likelihood ratio for comparing whether two sets of gene fragments are independent measure-
ments of the same gene or independent measurements of two independent genes. Kernel
methods will underestimate the peaks of the sampling density and so will bias the likelihood
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ratio. This forensic application is discussed in more detail in Roeder (1994) and Aitken
(1995).

Kernel Density Estimates

Kernel density estimation is discussed in Silverman (1986), Wand and Jones (1995) and
Simonoff (1996). From the description of the data, and simple summary plots like stem and
leaf or histograms, it is obvious that the data are not normal, and in general the distributions
are skewed to the left. Three bandwidth selection procedures were used initiallg: the
Plus default (page 137 of Venables and Ripley (1994)), the “rule of thumb” method (pages
45-47 of Silverman (1986)) and the Sheather-Jones method, with no sub-sampling (Sheather
and Jones (1991)). From there the pictures were smoothed by eye. It can be seen that the
two ethnic groups have very similar distributions at locus 1 but quite different distributions
at locus2 and3. At locus4, the distributions of both groups peak in roughly the same area,
but the Northern European data has an extra peak aroantwhich is not apparent in the
Afro-Caribbean data.

1.2 Basic Wavelet Estimation Scheme and Notation

Consider estimating a density functigrfrom i.i.d. dataz,, ..., z,, using wavelets. Recall
from Donohoet al. (1996) that the formal wavelet expansion of the density function is:

f(@) ~ Y endue@) + Y Y diptix(a) (1)
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whereJ,={m € Z : m > L} and the coefficients;, andd;; are given by:

CLk = / ¢Lk($)f($) dr and djk = / w]k(.f)f(.f) dr .
The wavelet basis functions at resolution leyake given by
din(x) = 220X — k) and oj(x) = 2% (2x — k). 2)

The primary resolution levdl determines the scale of the largest effects that can be affected
by the smoothing inherent in the procedure. The methodology of the paper is not sensitive to
the choice ofl,, because very large-scale effects are always retained by the estimation. For
the remainder of the paper it is set to a value where a single scaling function at |resl
range covering the whole of the observed data.

It is possible to allow for non-dyadic resolutions by rescaling all the data values by a
tuning parameter € (%, 1]; we shall not consider this procedure in detail but it is provided
as an option in the software associated with this paper.

Consider a density estimate which has the same form as (1). As for general orthogonal
series estimator<encov (1962)), the true coefficients can be written as:

cn = E[ou)] a0y Bfoac].



where the obvious estimators are:

T =2 > 6(X0) @
D=3 Un(X0). @

These empirical coefficients are calculated for resolution lelelp to some large valug,
called thefinest resolution levelThed;,, are then thresholded to give estimated coefficients

c@k. The resulting density estimate is then:
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The choice of the parameter will be discussed later in this article. Note thatis
not required to be a power of two and that this theory is in principle also valid for higher
dimensional data.

2 Efficient Empirical Coefficient Computation

Direct use of (3) and (4) to compute the empirical coefficiéj’gygsatndélvj,~c is slow, and it is
more efficient to calculate thg,, directly and then use the discrete wavelet transform (DWT)
to find thecy, andd;;. Efficient computation of thé;; will now be considered.

The first step is to determine the valueskafior which it is necessary to calculatg.
Assume compactly supported wavelets are being used, and,tldgtare integers for which
it is known thate(¢) is zero outside the rande,, b,). Letw,=0b, — a,. Let [z] denote the
smallest intege = and | x| the largest integeg x. The empirical coefficient;, will be
zero if none of the data fall in the support®fy; this will certainly be the case if is outside
the rangek in, kmax, Where

n

kmin — mlP [2sz - b(b—l - [2Jxmin - b¢—| ) (5)

kmax = malx 127 2; — ag| = 127 T max — agl - (6)

Next, we note that because of the bounds on the suppapt tiere are at mosi,
consecutive values df for which a given data point can fall in the support®f,. The
total number of pairs:, k) for which ¢, (z;) is nonzero therefore at mosty,,, whatever the
resolution. Considering the extreme case where the relévaate different for each, no
more thamw, of the coefficients:;, can be nonzero for any value of the finest resolution
level J.

For each data point;, the Daubechies-Lagarias algorithm (Daubechies and Lagarias
(1992)) is used to approximate the non-z@sg(x;). These contributions are then added onto
the appropriate empirical coefficients. In other words, rather than calculating the coefficients
¢y, One at a time, they are gradually built up by taking each ofithe turn and adding on
its contributions to all the relevany;,.



Having estimated the;,, the DWT is used to find the empirical coefficients at coarser
levels. In the case of density estimation on the line there is no need to use any boundary
conditions, because the full support of all the wavelet functions is considered.

Another consequence of having complete knowledge about the coefficients is that there
is no need to have a dyadic number of coefficients at the highest |EMaéCause we can use
zero-padding boundary conditions at every level without introducing any error. The effect is
that all thec;;, are calculated foif! < k < IZ, wheref/ andi/ are the smallest and largest
values ofk such that,, # 0. Similarly, thed, are calculated fof] < k < I, wheref
andlg' are the smallest and largest possible valugssich thaﬁjk # 0.

Further economies would be possible if a sparse discrete wavelet transform procedure
were available. At the higher scales, we would only need to maintain pointers to the positions
at which the coefficients were nonzero. Extending to this case is beyond the scope of the
present work, but would be an interesting computational topic for future implementation.

3 Choosing the Finest Resolution Level

The finest resolution level determines the smallest scale on which any effects of interest can
be detected or represented. In this section one possible approach to choosing the parameter
J will be investigated. Further possibilities are discussed in section 3.5 of Herrick (2000).

Suppose/ is chosen to be the smallestor which theg;,(x) each cover at most one of
the distinct data values. If all the data are distinct there may themp@&onzero coefficients.
Then the support width af;(z) is less than the smallest gap between data points. Assume
that data are ordered, and l&t:; = x;,; — z;. In real applications there may well be
coincident data. Here, only unique points will be considered, so any afih¢hat are zero
are ignored. Then to be certain that eagh(z) covers at most one of the data valués,
must satisfy

J > logylws/ min{Az; : Az; > 0}]. (7)

The smallesV satisfying this condition is called thminimum inter-point distancehoice of
the finest resolution level.

If J is chosen by (7) then the original data points will each correspond to a disjoint
block of coefficients in the sequence of high resolution scaling function coefficients, with
the blocks separated by zeroes. Thus, for the minimum inter-point distance choice of finest
resolution level, the empirical coefficients essentially contain complete information about
the data, and no smoothing has been carried out in restricting the wavelet expansion to coef-
ficients below this level.

The number of non-zero coefficients increases witmtil the limit of nw, is reached.
Beyond this point, the computational effort required to calculate just the non-zero coefficients
should not increase with However, the length of the vector needed to store the coefficients
will increase, and for largd this storage requirement will be prohibitive. Implementing a
sparse DWT as discussed above would of course alleviate this problem.

One useful modification of the minimum inter-point distance idea is to uiscunted
minimum inter-point distancethere we discard the smallegko of the inter-point distances
and choosd so that the support width af;, is less than the smallest of the remaining inter-
point distances. If a relatively small value mfeads to an acceptable value.hfwe may be
assured that very little detail is lost by using this value.



4  Thresholding

Having computed all the empirical wavelet coefficients, the next stage is to threshold (or
denoise) them before reconstruction. Most established methods of threshold selection as-
sume that the noisy wavelet coefficients are independent and normally distributed with equal
variance. The empirical coefficients (3) and (4) are, however, not. Although Daetatio

(1996) suggest the use of a level dependent threshold proportioRéj fe, the variance
structure of the empirical coefficients has not yet been exploited in deriving a thresholding
rule.

4.1 Covariance Structure of the Empirical Coefficients

Since the observations; are assumed to be i.i.d. froif) it is easy to show that

Cov [d 1/€1v 2/€z = (/ '%1/61 wjzkz )f( ) djlkldj2]f2> : (8)

Similarly,

Cov [Cﬂlkﬂ C]2/€2 - (/ ¢]1k1 ¢]9/€2 )f( ) leklcj2k2> : (9)

It can be seen that even coefficients sufficiently separated in the expansion for the integral
in (8) to be zero will only be asymptotically uncorrelated. More seriously, it follows from
(8) that the variances of the empirical coefficients are not constant even within levels; they

are given by
Var = (/ zp]?k z)dr — d?k> : (10)

The low resolution coefficients are linear combinations of a relatively large number of
independent random variables, so by the central limit theorem, an assumption of normality
might well be reasonable. However, these coefficients are still not independent. No normality
assumption can reasonably be made about the high resolution coefficients, as these are linear
combinations of only a few random variables.

Because of these complications, thresholding empirical coefficients from the Haar basis
will be considered first. The simplicity of the Haar basis will enable insights to be gained for
the more general case.

4.2 Haar Wavelet Basis

Some results specific to the Haar basis, which will be of use later in this section, will now be
derived.

Using the definition of the Haar mother wavelet and scaling function it is easy to see that
the true coefficients of the density can be written as

_ 277 (k+1) 277 (k+1)
djr, = 21/2 / _ f(z)dx —/ _ f(z)dx 3, (11)
277k 277 (k+3)

BRI
Cjk = 23/2/ f(z)dx . (12)
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In addition, notice the important fact that
/w]?k(x)f(x) dr = 29/%¢c, . (13)
From (10) and (13) the variance of the empirical Haar wavelet coefficients can be written as:
Var [d] = %(w'/?cjk — &) . (14)

Now consider the distributions of the coefficients. &}, be the number of data points
which fall in the interval[2 7k, 277 (k + 1)). Then for the Haar basis

Njj, = ng—j/?gjk _ (15)
The probability of a random observation falling in the inter{/)ﬂjk, 277 (k + 1)) is:

. . 277 (k+1) .
P(X €27k, 27 (k+ 1))) - / fx)de =292y, . (16)
2-ik
and soN;;. ~ Bin(n,277/%¢;;).
Now consider the conditional distribution af,, givenc;,. Let M, be the number of
data points which fall in the intervdR =/, 277 (k + 1)). Then,

(M| Nje = nji) ~ Bin(nj, 5(1 + djr/cjr))- (17)

From (4) _
n2_3/2dﬂ§ = Mjk: — (’rL]']C — Mj ) (18)

and hence the distribution @Ek conditional onc;;, can be found exactly, in terms of the
binomial distribution.

Thresholding the empirical (noisy) wavelet coefficients is an attempt to find which of the
coefficients are really non-zero. This can be thought of as performing multiple hypothesis
tests of:

H()Idjk:o v ledjk;«éo, (19)

which is equivalent to testing on the basisidf, whether the binomial probability in (17) is
equal to. It should be noted that the large number of significance tests in this procedure are

not independent, as th?;k are not independent. Thevalues are in any case conditional on
the relevant;; for each(j, k). We proceed by fixing a standapelvalue and using this for
all the tests.

A normal approximation to the binomial distribution makes the calculations simpler.
From (14) the conditional variance @f; under the null hypothesis is~!2//2¢;;, which
can be estimated using the empirical scaling function coefficients. Since, for the Haar basis,
¢ is non-negative, the;, will themselves necessarily be non-negative.

Simulated Comparison

In a simulation comparison, the exact binomial and normal approximation alternatives give
very similar results. They were tested on a samplé0of) simulated observations from a
density containing a discontinuity, which is shown in the top left of figure 2. It consists
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of two halves of normal distributions with different varianceé8 3 and32/3). The finest
resolution levelJ was set partly subjectively to 10. Support for this choice is provided by
the discounted minimum interpoint distance procedure, as discus§8dtime valuer =5
givesJ = 11 andv = 10 givesJ = 9. The p-values at which the significance tests were
performed are indicated in the plot titles. The results are shown in figure 2. The binomial
thresholding, with a-value of0.01 performs well. Note that normal thresholding has let a
fine scale coefficient through which the binomial thresholding kills. This sort of problem is
to be expected as the normal approximation will be much worse at fine scalgs val be

much smaller than at coarser scales.

Gene Fragment Data

Figure 3 shows density estimates for the gene fragment data using Haar wavelets with bino-
mial thresholding. The minimum distance approach (without any discounting) suggested the
valueJ =7. The general behaviour exhibited is the same as that shown by the kernel density
estimates, but the wavelets pick up some large spikes which are very resistant to thresholding
(as well, unfortunately, as some smaller blips which would have been better smoothed out).
A good example is the huge spike on the left of loeder the Afro-Caribbean data. Closer
examination of the data shows that there is a very tight cluster of points in this position; thus
there is good evidence in the data for the spike. This is the type of information that might
not be picked out by kernel methods, but which wavelets do pick out. Another such feature
is discussed in more detail below.

5 More general wavelet bases

5.1 Using the Scaling Function Coefficients

In the above discussion, we have used the key property ¢ of the Haar basis. This is
obviously not true for any other of the Daubechies wavelets. In order to estimate the variance
of the wavelet coefficients in the more general case, it will be necessary to approxitnate

in some way, so that the integral in (10) can be simplified. Following the Haar case, try
approximating)? as a linear combination of scaling functions at some finer level 1:

Y (7) ~ Z e1mi () Wheree, = /¢2(x)¢ml (x) dz. (20)
l
The coefficients; can be found by applying the DWT to a suitably discretized version of

*. This result can be used to approximaite:
) () & 207 Z e1jrmiromk(T)
l
and so the following approximation can now be made:
/ U2 () () di 2 2972252 S 1
l
Using this result in (10):

- 1, .
Var [djk] ~ - (21/2 zl: €1Cjym,l+2mk — d?/.;) ;



so that under the null hypothesis (19):

~ 23/2
VarHO |:dj ] ~ T €1Cj+m,l+2mk -
l

This can be estimated using the empirical coefficients:
— [~ 2/2 _
VarHO |:dj ] = T €1Cj+ml+2mk - (21)
l

If the empirical coefficients are then assumed to be normally distributed, they can be thresh-
olded by performing multiple significance tests.

A nice feature of this idea is that tlg, are computed by the DWT, so it exploits infor-
mation that has already been computed. However, it will not be possible to use (21) on the
finestm — 1 levels of wavelet coefficients, as the necessary scaling function coefficients are
not available. These coefficients will simply be set to zeron lis small and/ large then,
under mild smoothness assumptions, this will not discard any appreciable signal.

Figure 4 shows the approximation (20) for the Daubechies extremal phase wavelet (

2) and the least asymmetric waveleté £ 4, 10) for m=1, 2, 3. As can be seen the approx-
imation improves asn and NV increase. Visually, the approximationsrat= 1 are clearly
not good, but those at = 2 fit the major features of> well. The approximations ah = 3
matchy? very closely.

This method was tried out on the data used in figure 2 for a variety of Daubechies wavelet
bases form = 1,2 and 3. Unfortunately the results were very poor in that the resulting
estimates contained lots of high frequency noise, unless the thresholding was so severe as to
remove most of the signal as well. This technique is investigated further in section 5, using
simulated data from a known density and the Haar wavelet. The failure of that experiment
indicates that the failure here is not due to the approximation’pbut more fundamental
problems, such as an overall lack of statistical power.

5.2 Estimating the Variances Directly

Another approach is to estimate the variances of the individual coefficients directly. We
can estimate the integral in (10) by using the Monte Carlo integral provided by the data
themselves:

1 n
[ sy de S U ().
=1
Under the null hypothesis (19), the estimated variance is:

Vats, [G] = 5 D2 0,60 22
i=1

An efficient way to calculate these is to estimate the covariance matrix of{f@nd use the
DWT to find the estimated variances (22) of thg. From (9)

Cov [Crpy, Criy] = % (/ Gt () Py () f () d — CJIqQ]kg) : (23)
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In the calculations of the variance structure of the wavelet coefficients, the wavelet trans-
form with respect to bothk, andk, of this expression is taken. For any particular coefficient,
this double transform of the second term in (23) willdig. UnderH,, d;;, =0, soitis only
necessary to consider the double transform of the estimate of the first term in (23). This
estimate is

~

E[CrrCri,] = % Z¢Jk1(Xi)¢chg (Xi) . (24)
=1

Notice that (24) defines a band limited matrix, where the bandwid#ivis- 1. The fast
algorithm of Kovac and Silverman (2000) can then be applied to find the variances of the
wavelet coefficients themselves.

Gene Fragment Data

Figure 5 shows density estimates for the gene fragment data using these directly estimated
variances in the thresholding. The Daubechies least asymmetric wav¥lets4) were

used. As for the Haar estimatiof,= 7 was used. These pictures are quite encouraging,
the most striking point being the huge spike on the third locus of the Afro-Caribbean data,
which has survived even the use of a very smalalue. Closer examination reveals that
there is a large number of coincidences of observations in the region of this spike, with two
values being repeated 23 times each, and several others having multiple repeats. At the spike
location about 10% of the entire sample is situated within an interval of length less than
0.1. Thus the large spike is not an artefact but is a good representation of the observed data,
and this behaviour is a strength of the wavelet method. See Figure 6 for a close-up of the
spike. There is something of an overshoot on each side of the spike with the estimate taking
negative values. If the density estimate is to be used for purposes other than diagnostic, the
easiest way to deal with this is simply to set the negative values to zero and slightly rescale
to maintain the integral of the function being equal to one.

6 Investigation using the Claw Density

The various thresholding methods proposed are evaluated using the claw density from Mar-
ron and Wand (1992). This is a normal mixture density and is illustrated in figure 7, together
with several wavelet density estimates computed from sample sizes of 200.

The claw density is an extremely demanding example, because the amount of smoothing
has to be chosen just right in order to detect the structure; tests such as the Kolmogorov-
Smirnov applied to the part of the sample betweeinand 1 are unable to distinguish the
middle part of the distribution from uniform.

A simple linear approach is to truncate the Haar wavelet expansion at a particular level
Jo, SO that all thel;;, for 7 > j, are set to zero. As with any linear density estimation method,
the choice of the scale of smoothing is critical. Furthermore, because it is now a linear
method, the estimates will no longer be adaptive to effects on different scales. The estimate
for jo = 1 is actually quite good at estimating the tails, but fails to give any convincing
impression that the underlying density is other than unimodaljfer2 the claws are very
clearly indicated, but to some extent this is because the claw density has lined up perfectly
with the wavelet basis. There is spurious variability in the tails, and there is no indication of
the shapes of the claws. Fgy = 3 there is considerable spurious variability, especially in
the heights of the claws, and in the tails.



An estimate using the binomial method from section 4.2 with 0.1 is shown. This
relatively largep-value was chosen because of the fairly small sample size, in order to give
the various hypothesis tests reasonable power. Although one of the claws has been missed,
the others are shown more clearly, in that there is an indication of their shape. Furthermore,
an indication of the good adaptivity properties of the method is given by the reasonable
estimation of the tails of the density.
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Figure 1: Kernel density estimates of the gene fragment data, using a normal kernel. The
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Figure 2. Haar wavelet density estimates of the discontinuous density (the left half is
N(0,10/3) and the right halfV (0, 32/3)) using a sample of size)00. The top row shows

the true density (left) and the estimate using the normal significance test for thresholding
(right). The bottom row shows estimates using the binomial test at differealues.
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0.0762

Figure 4:14?(z) (dotted) and the approximation, e;¢.,; () (solid) for three different values

of m. The top row is for the Daubechies extremal phase wavelet With2 and the other
two rows for the Daubechies least asymmetric wavelets Witk 4 (middle) andN = 10
(bottom). The average squared errors of the approximations are displayed in the legends.
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Figure 5. Daubechies least asymmetric waveléetH4) density estimates of the gene frag-
ment data. The-values, tuned by eye, are given in the legends.
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Figure 6: Close up of the spike in the Daubechies least asymmetric waietet) density
estimate of the third locus of the Afro-Caribbean gene fragment data. The numbers indicate
the number of coincident observations plotted at their location on the kne
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Figure 7: Haar wavelet estimates based on a sample from the claw density of size 200. The
top left, top right and bottom left are obtained by truncating the wavelet transform at levels
1, 2 and 3 respectively. The bottom right figure shows the binomial thresholding estimate
with p = 0.1. True claw density is dotted line, estimates are solid.
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