50899-8256 (05)00103-X/FLA AID:1256 Vol.eee(eeQ) [+model] P.1 (1-14)
YGAME:mi+ v 1.50 Prn:11/10/2005; 11:32 ygame1256 by:aiste p. 1

Available online at www.sciencedirect.com

sclzucs@:nne.c-r- GAMES an.d

Economic
TR . . Behavior
ELSEVIER Games and Economic Behavioée (eeee) eee—see

www.elsevier.com/locate/geb

Generalised weakened fictitious play

David S. Leslie!, E.J. Colling*

@ Department of Statistics, University of Oxford, Oxford, OX1 3TG, UK
b Department of Mathematics, University of Bristol, Bristol, BS8 1TW, UK

Received 31 August 2004

Abstract

A general class of adaptive processes in games is developed, which significantly generalises weakened
fictitious play [Van der Genugten, B., 2000. A weakened form of fictitious play in two-person zero-sum
games. Int. Game Theory Rev. 2, 307-328] and includes several interesting fictitious-play-like processes as
special cases. The general model is rigorously analysed using the best response differential inclusion, and
shown to converge in games with the fictitious play property. Furthermore, a new actor—critic process is
introduced, in which the only information given to a player is the reward received as a result of selecting an
action—a player need not even know they are playing a game. It is shown that this results in a generalised
weakened fictitious play process, and can therefore be considered as a first step towards explaining how
players might learn to play Nash equilibrium strategies without having any knowledge of the game, or even
that they are playing a game.
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1. Introduction

As observed by Brown (1951), a fictitious play process will follow trajectories of the best
response differential inclusion (Gilboa and Matsui, 1991; Cowan, 1992), with “mistakes” aris-
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ing from the discretisation that eventually become negligible due to the decreasing step size.
This method has recently been formalised by Benaim et al. (2005), allowing analysis of the best
response differential inclusion to provide convergence proofs for classical fictitious play, and ob-
viating the need for the ingenious but case-specific techniques employed previously (Robinson,
1951; Miyasawa, 1961; Monderer and Shapley, 1996; and see Berger, 2005 for further refer-
ences).

Weakened fictitious play (Van der Genugten, 2000) is identical to fictitious play, except
for the fact that at each step the strategies played need ondyblest responses, with— 0
as time progresses. Intuitively, since these “mistakes” vanish asymptotically, such processes
should also follow the best response differential inclusion in the limit (regardless of the rate
at whiche — 0, in contrast with Van der Genugten’s analysis). In this work we introduce
a significant generalisation of weakened fictitious play and analyse it using the method of
Benaim et al. (2005). This unified approach to the analysis allows us to discuss several inter-
esting variations of fictitious play and show that they will all converge to Nash equilibrium
in games known to have the fictitious play property, simply by showing that they are in fact
generalised weakened fictitious play processes. One such example is a fictitious play process
which places greater weight on recently observed actions than on actions observed in the dis-
tant past; this may be seen as compensating for the fact that opponent strategies change over
time, as opposed to the implicit assumption in classical fictitious play that opponent strate-
gies are stationary. A second example is stochastic fictitious play (Fudenberg and Kreps, 1993;
Benaim and Hirsch, 1999) for which the payoff perturbations become negligible as time pro-
ceeds.

A much more substantial application involves the introduction of a new actor—critic process
in which the only information given to a player is the reward received as a result of selecting an
action—a player need not even know they are playing a game. This process is also shown to result
in a generalised weakened fictitious play process, and therefore to converge in the same games as
fictitious play, despite using significantly less information; this can therefore be considered as a
first step towards explaining how players might play Nash equilibrium strategies without having
any knowledge of the game, or even that they are playing a game.

We note here that other analyses of “simple, payoff-based” learning (Foster and Young,
2003b) tend to focus on the convergence of the average action played, which does not pre-
clude the possibility that strategies are very obviously cycling around equilibrium (Fudenberg
and Levine, 1998). Furthermore, they either prove that these averages converge only to corre-
lated equilibria (Hart and Mas-Colell, 2001), or prove convergence only in a very weak sense,
essentially due to the fact that if strategies vary randomly then at some point they must get close
to a Nash equilibrium (Foster and Young, 2003a, 2003b). In contrast, for our actor—critic process
the actual strategies of the players converge for all of the games in which generalised weakened
fictitious play is shown to converge.

Observe that Hart and Mas-Colell (2003) prove that no “uncoupled” dynamics can converge
to equilibrium in general games. While the processes we consider in this paper are uncoupled
(players do not consider any payoffs other than their own) we believe these are still worthy of
study. Partly this is for historical interest—several interesting models of learning are combined
into a single large class and analysed with a unified approach. In addition, if players are not aware
of the fact that they are playing a game, it is less easy to escape the class of uncoupled processes,
and so it is important to understand which classes of games may result in convergence to Nash
equilibrium strategies under these minimal information requirements.
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The paper is structured as follows. In the next section we introduce some notation and pre-
liminary ideas, then in Section 3 the generalised weakened fictitious play model is introduced
and analysed. Several interesting examples of the model are discussed in Section 4, and the nev
actor—critic process is proposed and studied in Section 5.

2. Preliminaries

We consider myopic boundedly-rational players in a repeatquiayer normal-form game,
in which Playeri has finite pure strategy set, mixed strategy sef\’ (so thatA! is the set
of probablllty distributions over\’ ) and bounded reward function : x Al — R. We will
write r! (a 1) (respectively’ (?, rr_’)) for the expected reward to Playen‘ they select pure
strategya (respectlvely mixed strategy’) and all other players play the mixed strategy profile
g li=@t . 7 7 2 N); also write

b (n~") =argmax’ (7', 7~") and b(r)= X b (=)
Tie Al i=1
for Playeri’s set of best responses#to’, and for the set of joint best responses to mixed strategy
profile = respectively.
In a classical fictitious play process, assuming the players all start with the same prior beliefs
about strategies, these beliefs follow the difference inclusion

1 1
on+1€ | 1— ;. oy + n—Hb(Un)

+1
(notice this is an “inclusion” sinck is not necessarily single-valued). We can rewrite this as

On+1 —0Op € an+1(b((7n) - Un)

with a,11 = (n + 1)~ — 0. It is easy to convince oneself that it is reasonable to expect the
iterationso,, to track the differential inclusion

EUI € b(oy) — oy
for sufficiently largen. To capture precisely the way in which this tracking occurs requires the
following definition:

Definition 1. Let || - || be any norm ofR™, and letF : R™ — R™ be a closed set-valued map such
that F (x) is a non-empty compact convex subseRdf with su{||z|l: z € F(x)} <c(@l+ x|
for all x. Consider the differential inclusion

dx

— € F(x). 1

a F® (1)

(a) Givenasek c R™ and pointst andy, we writex < x y if for everye > 0 andT > 0 there
exists an integen, solutionsx1, ..., x, to the differential inclusion (1) and real numbers
f,...,t, greater thar" such that

(i) x:([0,5]) € X,
(i) llxi(t) —xi4100)| <eforalli=1,...,n—1,
(i) flx2(0) — x|l <€ and|lx, (t,) — vl < €.
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(b) X is said to be internally chain-recurrentifis compact and < x x for all x € X.

In other words, an internally chain-recurrent setof a differential inclusion is a set such
that for eachx € X, there exists a chain of trajectories of the differential inclusion linking
to itself, all of which are fully contained itX, and where the start of each trajectory may be
a slight perturbation of the end of the previous trajectory. This notion was introduced by Con-
ley (1978), and extends the traditional notion of a recurrent set to the situation where small
shocks can be applied to the trajectory of a system, such as those resulting from discretisa-
tion. The interested reader is referred to Benaim and Hirsch (1999), who give a more complete
explanation of this concept in a game-theoretical context, while Benaim et al. (2005) give
the full exposition in the case of differential inclusions; note that Benaim et al. (2005) prefer
the phrase “internally chain-transitive” to “internally chain-recurrent”, but we find it useful to
emphasise the fact that we are describing an extension of recurrence. Using this concept of
chain-recurrence, Benaim et al. (2005) prove the following general theorem, which holds for
any norm| - ||:

Theorem 2. Assume F : R — R™ is a closed set-valued map such that F(x) is a hon-empty
compact convex subset of R” with sup|lz||: z € F(x)} <c(d+ |lx|) for all all x. Let {x,},>0
be a process satisfying

Xp4l — Xn — Wpp1Upy1 € a1 F(xp),
where {o, },,>1 IS a sequence of non-negative numbers such that

Zanzoo, and o, — 0 asn— oo,
n>1

and {U,},>1 isa sequence of (deterministic or random) perturbations. If

Q) forall T >0

lim sup{
n—oo k

(2) sup,>o llxull < oo,

k=1
ZaH—lUH-l

i=n

k—1
: zamgr} —o
i=n

then the set of limit points of {x,},>0 is a connected internally chain-recurrent set of the differ-
ential inclusion

d F(xy)
dtxte Xt).

Benaim et al. (2005) show that the conditions are met for a fictitious play process, for which
U, =0 for all n, and so prove that the limit points of a fictitious play process are a connected in-
ternally chain-recurrent set of the best-response differential inclusion. This result can be used to
prove the convergence of fictitious play by showing that all connected internally chain-recurrent
sets consist purely of Nash equilibria, which has been shown for two-player zero-sum games
(Hofbauer, 1995), potential games (Benaim et al., 2005), and generim: Zyames (Berger,
2005). Recent results (Berger, 2004) show that all trajectories of the best-response differen-
tial inclusion converge to Nash equilibrium in further classes of games (including all games



50899-8256(05)00103-X/FLA AID:1256 Vol.eee(eeQ) [+model] P.5 (1-14)
YGAME:mi+ v 1.50 Prn:11/10/2005; 11:32 ygame1256 by:aiste p. 5

D.S Ledlie, E.J. Collins/ Games and Economic Behavior eee (eeee) see—see 5

known to have the fictitious play property). Note, however, that this is not a sufficiently strong
result for the application of Theorem 2. On the other hand, since the purpose of this paper
is to study generalised weakened fictitious play, the strengthening of Berger's results is left
to an anticipated paper by Benaim et al., and so the main result will be in the same form as
Theorem 2.

3. Generalised weakened fictitious play

Van der Genugten (2000) introduced weakened fictitious play, described briefly in Section 1,
as a mechanism for speeding up the convergence of fictitious play in zero-sum games, and there-
fore proved the result only for two-player zero-sum games and for a rather restricted sequence
of ¢, determining the degree of weakening of the best responses. On the other hand, by link-
ing such a process to the best response differential inclusion, it is intuitively clear that identical
results should be achievable for any weakened fictitious play as for classical fictitious play. We
proceed to define generalised weakened fictitious play, before proving Theorem 4 which applies
Theorem 2 to prove convergence for this wider class of processes.

Define thee-best responses of Playieto opponent mixed strategy profite™ to be the set

bi(nfi) = {ni e Al: pt (ni, nfi) > rl (bi (7'[7"), Jrfi) — e}.
That is, the set of Playetls strategies that perform not more thamvorse than Playei’'s best

response. The joint-best response to mixed strategy profiles defined, analogously to the
case of best responses, as the set

be(m) = leg(n—i).
1=

Definition 3. A generalised weakened fictitious play process is any praeg$sso, with o, €
x , Al, such that

on+1 € (1 —any1)on + an+1(be,1 (on) + Mn+1) 2
with a,, — 0 ande,, — 0 asn — oo,

Z oy = 00,

n>1

and{M,},>1 a sequence of perturbations such that, for Eny 0,
k—1 k-1
Jim S]lclp{ Zai+1Mi+l ; Z%‘Jrl < T} =0.
1=n

i=n
In other words, the current strategies are adapted towards a (possibly perturbeddgesatt
response. Clearly, a classical fictitious play process is a generalised weakened fictitious play
process withe,, = M,, = 0 andw, = 1/n for all n. However we will see that both weakening
(i.e. allowing non-zere, ), generalising (letting,, be chosen differently), and allowing (certain)
perturbations does not affect the convergence result of Benaim et al. (2005), but allows interesting
processes to be considered.

Theorem 4. The set of limit points of a generalised weakened fictitious play process is a con-
nected internally chain-recurrent set of the best response differential inclusion.
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Proof. The proof consists of showing théd, }, >0 satisfies the conditions of Theorem 2. We
start by rewriting the definition of a generalised weakened fictitious play process, in a slight
abuse of notation, in the form

Op+l — Op — an—i—l{ben (on) — b(oy) + Mn+l} € an—i—l{b(an) - O'n}-

Benaim et al. (2005) prove that(c) = b(c) — o meets the requirements of Theorem 2, and the
sequencéw, },>1 is of the correct form by definition. Therefore it suffices to verify conditions (1)
and (2) of Theorem 2. Condition (2) is trivial, sineg € xf\’zl A' for all n. If we takek such that

k-1
Y cix1 < T, then

Su
k

k—1
<supl Yl 0o | 309
X k

i=n

k=1

> aiga{be (01) — bloi) — M1}

i=n

k=1

ZO!;’+1M1‘+1

i=n

k-1

Zai-i-lMH-l

i=n

<T%ﬂ%®w—MWW+T%

The second term tends to zero by assumption, and therefbréif — b(o) uniformly in o as
€ — 0 then the result follows. However, this is immediate from the upper semi-continuity of
since the rewardg are bounded. O

Coroallary 5. Any generalised weakened fictitious play process will converge to the set of Nash
equilibriain two-player zero-sum games, in potential games, and in generic 2 x m games.

Proof. Hofbauer (1995) shows that the set of Nash equilibria is globally attracting for two-
player games, and Berger (2005) proves the same for generia games. This is sufficient to
prove that any connected internally chain-recurrent set is contained in the set of Nash equilibria.
Benaim et al. (2005) show that any connected internally chain-recurrent set is contained in the
set of Nash equilibria for potential games. Combining this with Theorem 4 gives the result.

We conclude this section with the observation that both classical fictitious play and Van der
Genugten’s weakened fictitious play are both examples of a generalised weakened fictitious play
process, obtained by setting, = 0, o, = 1/n, and setting,, identically equal to O for classical
fictitious play or using a carefully chosen specific sequeneg olues for Van der Genugten’s
weakened fictitious play. Hence Theorem 4 and Corollary 5 also hold for these processes. As
for these cases, most applications we consider in this paper have perturbation sequgnces
that are identically 0. However, for our modification of stochastic fictitious play in Section 4.2
we need to have the full generality of Theorem 4—a suitable form of perturbation sequence
{M,},>1 will be discussed in that section.

4. Examples of GWFP processes
As well as classical fictitious play, and Van der Genugten’s weakened fictitious play, there are

several other interesting models of learning that result in generalised weakened fictitious play
processes. We discuss three examples here.
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Fig. 1. Belief that Player 1 plays Heads over 200 plays of the two-player matching pennies game under classical fictitious
play (top) and under a modified fictitious play with = 1//n (middle). The extreme case af, = 1/log(n + 2) is

shown in the bottom plot, where the apparent lack of convergence is due to the fact that the step size is still large
(a200~ 0.188)—this slowly decreasing step size is, however, likely to be helpful in more complex games.

4.1. Fictitious play with emphasis on recent observations

Recall that in classical fictitious play the adaptation parametgm@re simply ¥n, and this
means that players make an implicit assumption that all other players have been using the same
mixed strategy for all time (since the current estimate of opponent strategy is simply the empirical
distribution of actions observed in the past).

However, opponent strategy is not fixed, and an obvious modification is to place greater em-
phasis on recently observed actions than on the actions played in the early stages of learning. One
way in which this can be achieved is to tgt — 0 more slowly than A, for example by setting
a, = (Cy +n)~P= whereC, andp, € (0, 1] are fixed parameters. Hence a smgllmeans that
a, — 0 slowly, and so recent observations receive greater weight than under classical fictitious
play. An even more extreme example, which still fits the conditions of the theorem, would be
a, =1/10g(Cqy + n).

The effect of such a change, in terms of the model, is that beliefs move further on each step
of the process, and so should travel more “quickly” along trajectories of the best response differ-
ential inclusion. We see this happening in Fig. 1.

4.2. Sochastic fictitious play with vanishing smoothing

One of the major recent modifications of fictitious play is stochastic fictitious play (Fudenberg
and Kreps, 1993; Benaim and Hirsch, 1999), in which players use a smooth best response to their
beliefs. An obvious question to ask is, “What happens when the smooth best responses approact
best responses as time progresses?”

Playeri’s smooth best response with parameteo opponent strategy ' is defined to be
the mixed strategy

,Bi (nfi) = argma>{ri (ni, nfi) + 10’ (ni)}
Tle Al
wherer > 0 is a temperature parameter, and the functiois a smooth, strictly differentiably
concave function such that a$ approaches the boundary.af the slope o’ becomes infinite
(Fudenberg and Levine, 1998, Chapter 4). The assumption is either that players choose to play
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this mixed strategy, or alternatively that they receive payoff perturbations that induce such a
mixed strategy (Hofbauer and Sandholm, 2002).

Thus, under vanishing smoothing, if at timethe players play according to a smooth best
response to their current beliefs, instead of (2) we have

op1 =1 —any1)o, +an1(By (0,7) + M, )

wheret, — 0 asn — oo (vanishing smoothing), anﬂilr"l+l is the zero mean random variable
giving the difference between the actual and expected chargje(which exists since the beliefs
are not updated towards the mixed stratégx%—") but instead towards the observed action, as
in Benaim and Hirsch, 1999). The&ﬁj;+l are bounded martingale differences, s@if},>1 is
deterministic an@(1/log(n)) then the condition oiM, },>1 in Definition 3 holds with proba-
bility 1 (Benaim et al., 2005).

Furthermore, it is clear that, as— 0, BL(x ) — b/ (x ") for all 7, and soB! (o) €
b’E (0,7") wheree, — 0 asn — oo. Hence a stochastic fictitious play with decreasing smoothing
parameters (or equivalently vanishing payoff perturbations) results almost surely in a generalised
weakened fictitious play process, and therefore converges to Nash equilibrium whenever classical
fictitious play does.

4.3. Fictitious play in a converging sequence of games

Vrieze and Tijs (1982) considered fictitious play in a converging sequence of games, which
proved useful in their study of fictitious play in stochastic games. We note here that such a
fictitious play results in a generalised weakened fictitious play for the limit game, since a best
response in the converging sequence of games éskast response in the limit game. However
the notational overhead required here to prove this is not justified by the result, which is instead
proved in Leslie (2003).

5. An actor—critic process

All of the processes discussed so far require that players observe opponent actions, and use
their knowledge of the payoff functions to calculate a best response. However, it is of interest
to determine whether or not simple adaptive play can converge to equilibrium strategies with-
out this information, and without the players even knowing that they are playing a game. Such
learning processes have been described as “simple, payoff-based” learning processes (Foster and
Young, 2003b). Recent attempts to examine such processes have focussed on a particular form of
reinforcement learning (Roth and Erev, 1995). Beggs (2005) shows that under this model players
will learn not to play actions that are removed under iterated removal of dominated actions, and
that for two-player constant-sum games the players will learn to play Nash equilibrium. Simi-
larly, Hopkins and Posch (2005) show that play cannot converge to a joint mixed strategy that
is not a Nash equilibrium, and that play converges to an equilibrium in two-player partnership
games. These results, as well as those of Bérgers and Sarin (1997) on a different version of re-
inforcement learning, are obtained by exploiting a relationship with the replicator dynamics of
evolutionary game theory (Taylor and Jonker, 1978), analogously to the relationship between
generalised weakened fictitious play processes and the best-response differential inclusion ex-
ploited in this paper. Other simple, payoff-based learning processes introduced by the authors
(Leslie and Collins, 2003; Leslie and Collins, 2005) have been analysed using their relationship
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with the smooth best response dynamics (Hofbauer and Hopkins, 2005). In this section we mod-
ify an actor—critic process introduced in Leslie and Collins (2003) to give a simple payoff-based
learning process which results in a generalised weakened fictitious play process.

Suppose that an oracle tells each player the current expected reward associated with each
action, and that players adjust their strategies towards a reward-maximising action. Then the
strategies will follow a process

a1 € 1 — app )7y + apgab(my),

which is clearly the same as a fictitious play process. However, relying on an oracle is not a
feasible learning process in the real world; we will see in this section how players can effectively
provide themselves with a fuzzy oracle, which tells them approximately what their current ex-
pected rewards are, and this allows strategies to follow a generalised weakened fictitious play
process.

In an actor—critic process, each player has both an actor component (the current strategy)
and a critic component (estimates of action values) which is used to inform the actor (i.e. up-
date the strategy). We will writer/ € A’ for Playeri’s strategy at timez, and Q! € RI4'l
for Playeri’s estimates of action values at time At each stage of the process, will be
adjusted towards a smooth best response based upon the esti¥jatehile Q! will be up-
dated based on the observed payoff. As before, we will wite: x¥ i, 0, = x¥ | 0, and
r(m) = va=1 ri(-, =" (so thatQ, will approximater(,)), and define the following analogues
of thee-best response correspondences:

bL(Q)={n'e A x'- Q' > maxQ'(a’) — €},

aleAl
b(Q) = X (0.

Lemma 6. If the strategies r,, follow a process

a1 € A —app)m, + O5n+1l;en (Qn)

witha,, — 0ande¢, — 0,andif || Q,, — r ()| — 0asn — oo, thenthe r,, follow a generalised
weakened fictitious play process.

Proof. Suppose|Q — r(n)|| < n, and# € b.(Q). Then
at-Q' > maxQ'(a') —e>maxri(a’,n7") —n —e.
aleA! a'eA!

Hence

be,(Qn) C be; (11)
for somee;, — 0, and ther, follow a generalised weakened fictitious play process.

This leaves only the problem of how to obtain estimafgsthat are asymptotically close to
r(m,). These can be obtained using reinforcement learning (Sutton and Barto, 1998), although
we need to be careful that all actions are played often enough that estimates remain close. We
start by extending a result of Singh et al. (2000) to give conditions under which the probability
of playing any action is bounded below by a suitable decreasing sequence. (In Leslie, 2003 the
condition was forced by projecting strategies away from the boundary of strategy space, but the
approach here is more readily justified as a model of learning.)
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Lemma 7. Suppose that strategies evolve according to

mp1(a') = A= w7y (a') + onr1By(a’) 3)
for each i and each a’ € A, where g is Player i’s Boltzmann smooth best response, with

if i exp(Q,(a)/z})
'Bn( ) = ;
ZGEA" eXFXQn (a)/rn)

Suppose further that the temperature parameters ! are chosen to be

i M Qi (a) —min,c 4 Q' (a)

" plog(n)

with fixed constant p € (0, 1]. If sup, || Qx| < oo then:

for eacha’ € A'. 4)

(®)

(1) i — Ofor all i, and
(2) 3K,k > 0suchthat for n > K, for each i and for eacha’ € A,

n,’;(ai) > :—p.

Proof. We start by noting that, since sppQ; | < co, r,’; — Oforall:.
For the second part, note first that

Mty 040 Ohia)
" plogn

for all a' € A, so that

n?exp(Q(a') /7)) > exp(maxQﬁl(a)/t,’;)

_ ¥ (’A ’exp(maXQ (a)/fn))

1 . .
> o > exp(0l(a)/1)),

acAl

and hence
i( i exp(Q} (a')/z}h) 1
Bu(a') = X i/ NGV
D acai EXP(QL(a)/Th) T |Al|nP
foralla’ € A*.

To showthahi(ai) Lforsufficiently largen, observe from (3) that i (a) > IA’\ ~ then

(a') > mi(a'). Hence there exists akj;

and ifrl(a') < =+ \A’I — thennn+1

Kp (smce otherwiser/ (a') is monotonically increasing and always less

i i
Tpy1(@’) > \A’I(n+1)/"

such thabr’ (a ) > ¥

than = W) and thenr! (a') > AP ‘ - for all n > K;. The result follows on taking = min; |A ‘
andK =max K;. O

This result enables us to define the following actor—critic process, in which players estimate
expected rewards and adapt strategies towards smooth best responses to these rewards in such
way as to ensure that all actions are played sufficiently often to maintain accurate estimates.
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Definition 8. A Boltzmann actor—critic process is a procéss, Q,} such that
mhi1(a') = A= anp)m) (@) + ang1Bl(a), (6)
iz+l(al) =0, (al) + )‘;z+1H{(t£,=(ti}(R;z -0, (al))’ (7)
for eachi and each’ € A?, where:

e a!, the action played by Playérat timen, is selected according to strategy, and results
in rewardR;,, and
e B is as defined in (4) and (5).

Theorem 9. Suppose that {r,,, Q,} isa Boltzmann actor—critic process for which

o api1=(Co + n)‘{’a where C, and po are chosen to satisfy C, > 0 and p,, € (0.5, 1], .
o A= (Crtcylay)™ ™ wherec;, (a') = ZZ:lH{a;(:ai} isthe number of timesaction a’ has
been selected up to and including game n, and C,, and p;, are chosen to satisfy C; > 0 and

px € (0.5, py),
e p = py, Used to calculate the Boltzmann smooth best responsesin (4) and (5), is chosen to

satisfy pr € (0, pg — p3)-
Then, with probability 1, the 7, follow a generalised weakened fictitious play process.

Proof. By Lemma 7, if||Q, — r ()| — O thenr,;' — 0 for eachi and by Lemma 6 we have a
generalised weakened fictitious play process. Hence it suffices to proygdhat r (i, || — O.
We assume in what follows thatis sufficiently large such that! (a’) > xkn="= for eachi and
eacha’ € A’ (see Lemma 7).

Fix i anda’, and let{v;},>1 be the sequence of times when actidris played by Player
(this sequence is well-defined, by Lemma 7 and the Borel-Cantelli lemma), and define the dif-
ferences

Dy = Q) (a') —r'(a', 7).
We will show thatD; — 0 almost surely, which is sufficient to prove the result, since all actions

are played with positive probability at all times.
Note, from (7) and the definition of;, that

f’(k+l> (ai) = Qé”k)+1(ai) = (1 - Aévk)+l) {Jk (ai) + Aivk)+lRf)k'
Hence

i if,i —i
Dip1= QV(k+l) -r (a ’jTV(k+l))

= (1= alyn) (De+r' (a1 )) + A 1 RY, =1 (d ”v_ufﬂ))
= (L= Mo 41) Pr+ 2 a(Ry = (a7 1) + ' (d ) — ' (@l g )

Sincekﬁvk)+1 = (Cy + k)~**, we see that

Diy1=(1—(Cr+k)"") Dy + (Cr + k)™ (My — Ep),
whereM;, is a bounded martingale difference, and
Er = (C, + k) {ri(ai, nv_kil) — (ai, 7'[,;")}.



50899-8256 (05)00103-X/FLA AID:1256 Vol.eee(e [+model] P.12 (1-14)
YGAME:m1+ v 1.50 Prn:11/10/2005; 11:32 -yga.me].256 by:aiste p. 12

12 D.S Ledlig, E.J. Callins/ Games and Economic Behavior eee (eeee) see—see

If we can show thafj Ex || — O almost surely, then Theorem 2 appliedxpwith Uy = My — Ej
and F (D) = —D. The unigue compact invariant set of the associated differential inclusion is
D =0, and the result follows. .
Notice that' (a', 7 ") is continuous int ~*, so from (6)

[ (@' m,iy) = (@, 7 ) | < Catnga

for someC (depending only on the reward functief). Therefore
ve+1—1
CTHENS(Cr+0 Y ajy1 < (Cr+ k) (g1 — v 41.
J=vk

Furthermore, since, > k, anda,,)+1 = (Cq + vi) ™",

s Vi+1 — Vk

E N C
1Bkl < €=

3

for some constant’. Thus, by the Borel-Cantelli lemma, we see thaj| — 0 almost surely
if, for arbitrary s > 0,

ZP<M - 5> . ®)
Dy P =P
k>1

Fix v, and letj be the greatest integer less than or equdlt@)”>—"*. Then

P(M - 5)
Dy Pa=Pa
<Pgg1 > v + )
A=k +D77) 1=k +2777) - (L= k(o + j) ™)
(sincen,i (ai) > /cn_p”)
<(L—ri+ Py
JjK
expy—m
=T e }
S(Vk)l)afpk _ 1 }

< expy —«
(Vk + 8 (vg) PP )Pr

K (Vg )Pe=Pr=Px
= exp; expy —«é .
(Vi + 8 (v )Pa—Pr)Px (1+8(Uk)Pa_PA_1)PTr
Sincev, > 1and O< p, — p;. < 1,

K K

< , and
(vk +8(v)Pe=Pr)pr = (14 §)Pm
(Vk)Pa_PA_Pﬂ (vk)Pa_PA_ﬂn
—K < —Kkf———
(1 + 8(vy)Pa—Pr—1ypx 1+ 68)Pr

Hence there exist constans, C, > 0, independent of and vy, such that

Vk+1 — Vk _ Po—P3.—Pr
P<7vkpam > 5) <Cy exp{ Co(vg) }
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Fig. 2. Strategies of both players overliterations of the discontinuous actor—critic process in the game (9) (first 5000
iterations omitted). The parameters age= 1.0, p; = 0.6, andp, = 0.1, withC, = C; = 1. Strategies spiral clockwise
towards the unique equilibrium point.

Now, forn > 0,

oo oo

el _ ‘ _
/e—sz”dx Y= n—l/yn l—le—Czydy:n—lr(n—l)Cz—ﬂ !
0 0

whereT is the Gamma function. Therefo@k>0C1exp{—Czkﬂa‘P*‘Pﬂ} < 00, sincep, <
0o — P, by assumption, and we see that (8) holds

Thus we have shown that this actor—critic process, in which players do not know the reward
function, and pay no attention to the other players, is a member of the same class of processes a¢
fictitious play and its variants. Hence it converges in the same games in which we have shown all
the other generalised weakened fictitious play processes to converge. This shows that players car
learn to play Nash equilibrium strategies in certain classes of games, without having knowledge
of the game, or even knowing they are playing a game.

We conclude our analysis of this process by presenting the results of an experiment in the
game with reward matrix

2,00 (0,1
((O, 2 (1, O)) ' ©)

This is a rescaled zero-sum game, so strategies evolve exactly as if it is zero-sum (Hofbauer
and Sigmund, 1998), and should therefore converge to the unique Nash equilibrium where
nl=(2/3,1/3) andx? = (1/3,2/3). This equilibrium requires the players to assign unequal
probabilities to their two actions, despite the fact that both actions receive the same expected
reward when equilibrium strategies are played—a situation that could easily cause problems for
players that do not observe opponent behaviour or know anything about the game (see Leslie and

Collins, 2005 for further discussion of this issue). However, as observed here in Fig. 2, and as
predicted by the theoretical results, the actor—critic process is not afflicted by this problem.
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