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Abstract

A general class of adaptive processes in games is developed, which significantly generalises w
fictitious play [Van der Genugten, B., 2000. A weakened form of fictitious play in two-person zero
games. Int. Game Theory Rev. 2, 307–328] and includes several interesting fictitious-play-like proce
special cases. The general model is rigorously analysed using the best response differential inclus
shown to converge in games with the fictitious play property. Furthermore, a new actor–critic pro
introduced, in which the only information given to a player is the reward received as a result of selec
action—a player need not even know they are playing a game. It is shown that this results in a gen
weakened fictitious play process, and can therefore be considered as a first step towards explain
players might learn to play Nash equilibrium strategies without having any knowledge of the game,
that they are playing a game.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction

As observed by Brown (1951), a fictitious play process will follow trajectories of the
response differential inclusion (Gilboa and Matsui, 1991; Cowan, 1992), with “mistakes”
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This method has recently been formalised by Benaïm et al. (2005), allowing analysis of th
response differential inclusion to provide convergence proofs for classical fictitious play, a
viating the need for the ingenious but case-specific techniques employed previously (Ro
1951; Miyasawa, 1961; Monderer and Shapley, 1996; and see Berger, 2005 for furthe
ences).

Weakened fictitious play (Van der Genugten, 2000) is identical to fictitious play, e
for the fact that at each step the strategies played need only beε-best responses, withε → 0
as time progresses. Intuitively, since these “mistakes” vanish asymptotically, such pro
should also follow the best response differential inclusion in the limit (regardless of th
at which ε → 0, in contrast with Van der Genugten’s analysis). In this work we introd
a significant generalisation of weakened fictitious play and analyse it using the meth
Benaïm et al. (2005). This unified approach to the analysis allows us to discuss severa
esting variations of fictitious play and show that they will all converge to Nash equilib
in games known to have the fictitious play property, simply by showing that they are in
generalised weakened fictitious play processes. One such example is a fictitious play
which places greater weight on recently observed actions than on actions observed in
tant past; this may be seen as compensating for the fact that opponent strategies cha
time, as opposed to the implicit assumption in classical fictitious play that opponent
gies are stationary. A second example is stochastic fictitious play (Fudenberg and Kreps
Benaïm and Hirsch, 1999) for which the payoff perturbations become negligible as tim
ceeds.

A much more substantial application involves the introduction of a new actor–critic pr
in which the only information given to a player is the reward received as a result of select
action—a player need not even know they are playing a game. This process is also shown
in a generalised weakened fictitious play process, and therefore to converge in the same g
fictitious play, despite using significantly less information; this can therefore be considere
first step towards explaining how players might play Nash equilibrium strategies without h
any knowledge of the game, or even that they are playing a game.

We note here that other analyses of “simple, payoff-based” learning (Foster and Y
2003b) tend to focus on the convergence of the average action played, which does n
clude the possibility that strategies are very obviously cycling around equilibrium (Fude
and Levine, 1998). Furthermore, they either prove that these averages converge only t
lated equilibria (Hart and Mas-Colell, 2001), or prove convergence only in a very weak
essentially due to the fact that if strategies vary randomly then at some point they must ge
to a Nash equilibrium (Foster and Young, 2003a, 2003b). In contrast, for our actor–critic p
the actual strategies of the players converge for all of the games in which generalised we
fictitious play is shown to converge.

Observe that Hart and Mas-Colell (2003) prove that no “uncoupled” dynamics can con
to equilibrium in general games. While the processes we consider in this paper are unc
(players do not consider any payoffs other than their own) we believe these are still wo
study. Partly this is for historical interest—several interesting models of learning are com
into a single large class and analysed with a unified approach. In addition, if players are no
of the fact that they are playing a game, it is less easy to escape the class of uncoupled pr
and so it is important to understand which classes of games may result in convergence
equilibrium strategies under these minimal information requirements.
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The paper is structured as follows. In the next section we introduce some notation an
liminary ideas, then in Section 3 the generalised weakened fictitious play model is intro
and analysed. Several interesting examples of the model are discussed in Section 4, and
actor–critic process is proposed and studied in Section 5.

2. Preliminaries

We consider myopic boundedly-rational players in a repeatedN -player normal-form game
in which Playeri has finite pure strategy setAi , mixed strategy set∆i (so that∆i is the set
of probability distributions overAi ), and bounded reward functionri : ×N

i=1 ∆i → R. We will
write ri(ai,π−i ) (respectivelyri(πi,π−i )) for the expected reward to Playeri if they select pure
strategyai (respectively mixed strategyπi ) and all other players play the mixed strategy pro
π−i = (π1, . . . , πi−1,πi+1, . . . , πN); also write

bi
(
π−i

) = argmax
πi∈∆i

ri
(
πi,π−i

)
and b(π) = N×

i=1
bi

(
π−i

)
for Playeri ’s set of best responses toπ−i , and for the set of joint best responses to mixed stra
profileπ respectively.

In a classical fictitious play process, assuming the players all start with the same prior
about strategies, these beliefs follow the difference inclusion

σn+1 ∈
(

1− 1

n + 1

)
σn + 1

n + 1
b(σn)

(notice this is an “inclusion” sinceb is not necessarily single-valued). We can rewrite this as

σn+1 − σn ∈ αn+1
(
b(σn) − σn

)
with αn+1 = (n + 1)−1 → 0. It is easy to convince oneself that it is reasonable to expec
iterationsσn to track the differential inclusion

d

dt
σt ∈ b(σt ) − σt

for sufficiently largen. To capture precisely the way in which this tracking occurs requires
following definition:

Definition 1. Let ‖ ·‖ be any norm onRm, and letF : R
m → R

m be a closed set-valued map su
thatF(x) is a non-empty compact convex subset ofR

m with sup{‖z‖: z ∈ F(x)} � c(1 + ‖x‖)
for all x. Consider the differential inclusion

dx

dt
∈ F(x). (1)

(a) Given a setX ⊂ R
m and pointsx andy, we writex ↪→X y if for everyε > 0 andT > 0 there

exists an integern, solutionsx1, . . . ,xn to the differential inclusion (1) and real numbe
t1, . . . , tn greater thanT such that

(i) xi ([0, ti]) ∈ X,
(ii) ‖xi (ti ) − xi+1(0)‖ � ε for all i = 1, . . . , n − 1,
(iii) ‖x1(0) − x‖ � ε and‖xn(tn) − y‖ � ε.
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(b) X is said to be internally chain-recurrent ifX is compact andx ↪→X x for all x ∈ X.

In other words, an internally chain-recurrent setX of a differential inclusion is a set suc
that for eachx ∈ X, there exists a chain of trajectories of the differential inclusion linkinx
to itself, all of which are fully contained inX, and where the start of each trajectory may
a slight perturbation of the end of the previous trajectory. This notion was introduced by
ley (1978), and extends the traditional notion of a recurrent set to the situation where
shocks can be applied to the trajectory of a system, such as those resulting from dis
tion. The interested reader is referred to Benaïm and Hirsch (1999), who give a more co
explanation of this concept in a game-theoretical context, while Benaïm et al. (2005
the full exposition in the case of differential inclusions; note that Benaïm et al. (2005) p
the phrase “internally chain-transitive” to “internally chain-recurrent”, but we find it usef
emphasise the fact that we are describing an extension of recurrence. Using this con
chain-recurrence, Benaïm et al. (2005) prove the following general theorem, which ho
any norm‖ · ‖:

Theorem 2. Assume F : R
m → R

m is a closed set-valued map such that F(x) is a non-empty
compact convex subset of R

m with sup{‖z‖: z ∈ F(x)} � c(1 + ‖x‖) for all all x. Let {xn}n�0
be a process satisfying

xn+1 − xn − αn+1Un+1 ∈ αn+1F(xn),

where {αn}n�1 is a sequence of non-negative numbers such that∑
n�1

αn = ∞, and αn → 0 as n → ∞,

and {Un}n�1 is a sequence of (deterministic or random) perturbations. If

(1) for all T > 0

lim
n→∞ sup

k

{∥∥∥∥∥
k−1∑
i=n

αi+1Ui+1

∥∥∥∥∥:
k−1∑
i=n

αi+1 � T

}
= 0,

(2) supn�0 ‖xn‖ < ∞,

then the set of limit points of {xn}n�0 is a connected internally chain-recurrent set of the differ-
ential inclusion

d

dt
xt ∈ F(xt ).

Benaïm et al. (2005) show that the conditions are met for a fictitious play process, for
Un = 0 for all n, and so prove that the limit points of a fictitious play process are a connect
ternally chain-recurrent set of the best-response differential inclusion. This result can be
prove the convergence of fictitious play by showing that all connected internally chain-rec
sets consist purely of Nash equilibria, which has been shown for two-player zero-sum
(Hofbauer, 1995), potential games (Benaïm et al., 2005), and generic 2× m games (Berger
2005). Recent results (Berger, 2004) show that all trajectories of the best-response d
tial inclusion converge to Nash equilibrium in further classes of games (including all g
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known to have the fictitious play property). Note, however, that this is not a sufficiently s
result for the application of Theorem 2. On the other hand, since the purpose of this
is to study generalised weakened fictitious play, the strengthening of Berger’s results
to an anticipated paper by Benaïm et al., and so the main result will be in the same fo
Theorem 2.

3. Generalised weakened fictitious play

Van der Genugten (2000) introduced weakened fictitious play, described briefly in Sec
as a mechanism for speeding up the convergence of fictitious play in zero-sum games, an
fore proved the result only for two-player zero-sum games and for a rather restricted se
of εn determining the degree of weakening of the best responses. On the other hand, b
ing such a process to the best response differential inclusion, it is intuitively clear that ide
results should be achievable for any weakened fictitious play as for classical fictitious pla
proceed to define generalised weakened fictitious play, before proving Theorem 4 which
Theorem 2 to prove convergence for this wider class of processes.

Define theε-best responses of Playeri to opponent mixed strategy profileπ−i to be the set

bi
ε

(
π−i

) = {
πi ∈ ∆i : ri

(
πi,π−i

)
� ri

(
bi

(
π−i

)
,π−i

) − ε
}
.

That is, the set of Playeri ’s strategies that perform not more thanε worse than Playeri ’s best
response. The jointε-best response to mixed strategy profileπ is defined, analogously to th
case of best responses, as the set

bε(π) = N×
i=1

bi
ε

(
π−i

)
.

Definition 3. A generalised weakened fictitious play process is any process{σn}n�0, with σn ∈
×N

i=1 ∆i , such that

σn+1 ∈ (1− αn+1)σn + αn+1
(
bεn(σn) + Mn+1

)
(2)

with αn → 0 andεn → 0 asn → ∞,∑
n�1

αn = ∞,

and{Mn}n�1 a sequence of perturbations such that, for anyT > 0,

lim
n→∞ sup

k

{∥∥∥∥∥
k−1∑
i=n

αi+1Mi+1

∥∥∥∥∥:
k−1∑
i=n

αi+1 � T

}
= 0.

In other words, the current strategies are adapted towards a (possibly perturbed) joinε-best
response. Clearly, a classical fictitious play process is a generalised weakened fictitio
process withεn = Mn = 0 andαn = 1/n for all n. However we will see that both weakenin
(i.e. allowing non-zeroεn), generalising (lettingαn be chosen differently), and allowing (certai
perturbations does not affect the convergence result of Benaïm et al. (2005), but allows inte
processes to be considered.

Theorem 4. The set of limit points of a generalised weakened fictitious play process is a con-
nected internally chain-recurrent set of the best response differential inclusion.
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Proof. The proof consists of showing that{σn}n�0 satisfies the conditions of Theorem 2. W
start by rewriting the definition of a generalised weakened fictitious play process, in a
abuse of notation, in the form

σn+1 − σn − αn+1
{
bεn(σn) − b(σn) + Mn+1

} ∈ αn+1
{
b(σn) − σn

}
.

Benaïm et al. (2005) prove thatF(σ) = b(σ ) − σ meets the requirements of Theorem 2, and
sequence{αn}n�1 is of the correct form by definition. Therefore it suffices to verify conditions
and (2) of Theorem 2. Condition (2) is trivial, sinceσn ∈ ×N

i=1 ∆i for all n. If we takek such that∑k−1
i=n αi+1 � T , then

sup
k

∥∥∥∥∥
k−1∑
i=n

αi+1
{
bεi

(σi) − b(σi) − Mi+1
}∥∥∥∥∥

� sup
k

{
k−1∑
i=n

αi+1
∥∥bεi

(σi) − b(σi)
∥∥}

+ sup
k

∥∥∥∥∥
k−1∑
i=n

αi+1Mi+1

∥∥∥∥∥
� T sup

k

∥∥bεk
(σk) − b(σk)

∥∥ + sup
k

∥∥∥∥∥
k−1∑
i=n

αi+1Mi+1

∥∥∥∥∥.

The second term tends to zero by assumption, and therefore ifbε(σ ) → b(σ ) uniformly in σ as
ε → 0 then the result follows. However, this is immediate from the upper semi-continuityb,
since the rewardsri are bounded. �
Corollary 5. Any generalised weakened fictitious play process will converge to the set of Nash
equilibria in two-player zero-sum games, in potential games, and in generic 2× m games.

Proof. Hofbauer (1995) shows that the set of Nash equilibria is globally attracting for
player games, and Berger (2005) proves the same for generic 2× m games. This is sufficient t
prove that any connected internally chain-recurrent set is contained in the set of Nash eq
Benaïm et al. (2005) show that any connected internally chain-recurrent set is contained
set of Nash equilibria for potential games. Combining this with Theorem 4 gives the resul�

We conclude this section with the observation that both classical fictitious play and Va
Genugten’s weakened fictitious play are both examples of a generalised weakened fictitio
process, obtained by settingMn = 0, αn = 1/n, and settingεn identically equal to 0 for classica
fictitious play or using a carefully chosen specific sequence ofεn values for Van der Genugten
weakened fictitious play. Hence Theorem 4 and Corollary 5 also hold for these process
for these cases, most applications we consider in this paper have perturbation sequenc{Mn}
that are identically 0. However, for our modification of stochastic fictitious play in Sectio
we need to have the full generality of Theorem 4—a suitable form of perturbation seq
{Mn}n�1 will be discussed in that section.

4. Examples of GWFP processes

As well as classical fictitious play, and Van der Genugten’s weakened fictitious play, the
several other interesting models of learning that result in generalised weakened fictitiou
processes. We discuss three examples here.
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Fig. 1. Belief that Player 1 plays Heads over 200 plays of the two-player matching pennies game under classical
play (top) and under a modified fictitious play withαn = 1/

√
n (middle). The extreme case ofαn = 1/ log(n + 2) is

shown in the bottom plot, where the apparent lack of convergence is due to the fact that the step size is s
(α200≈ 0.188)—this slowly decreasing step size is, however, likely to be helpful in more complex games.

4.1. Fictitious play with emphasis on recent observations

Recall that in classical fictitious play the adaptation parametersαn are simply 1/n, and this
means that players make an implicit assumption that all other players have been using th
mixed strategy for all time (since the current estimate of opponent strategy is simply the em
distribution of actions observed in the past).

However, opponent strategy is not fixed, and an obvious modification is to place great
phasis on recently observed actions than on the actions played in the early stages of learn
way in which this can be achieved is to letαn → 0 more slowly than 1/n, for example by setting
αn = (Cα + n)−ρα whereCα andρα ∈ (0,1] are fixed parameters. Hence a smallρα means tha
αn → 0 slowly, and so recent observations receive greater weight than under classical fic
play. An even more extreme example, which still fits the conditions of the theorem, wou
αn = 1/ log(Cα + n).

The effect of such a change, in terms of the model, is that beliefs move further on eac
of the process, and so should travel more “quickly” along trajectories of the best response
ential inclusion. We see this happening in Fig. 1.

4.2. Stochastic fictitious play with vanishing smoothing

One of the major recent modifications of fictitious play is stochastic fictitious play (Fude
and Kreps, 1993; Benaïm and Hirsch, 1999), in which players use a smooth best response
beliefs. An obvious question to ask is, “What happens when the smooth best responses a
best responses as time progresses?”

Playeri ’s smooth best response with parameterτ to opponent strategyπ−i is defined to be
the mixed strategy

βi
τ

(
π−i

) = argmax
πi∈∆i

{
ri

(
πi,π−i

) + τvi
(
πi

)}
whereτ > 0 is a temperature parameter, and the functionvi is a smooth, strictly differentiabl
concave function such that asπi approaches the boundary of∆i the slope ofvi becomes infinite
(Fudenberg and Levine, 1998, Chapter 4). The assumption is either that players choose
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this mixed strategy, or alternatively that they receive payoff perturbations that induce s
mixed strategy (Hofbauer and Sandholm, 2002).

Thus, under vanishing smoothing, if at timen the players play according to a smooth b
response to their current beliefs, instead of (2) we have

σ i
n+1 = (1− αn+1)σ

i
n + αn+1

(
βi

τn

(
σ−i

n

) + Mi
n+1

)
whereτn → 0 asn → ∞ (vanishing smoothing), andMi

n+1 is the zero mean random variab
giving the difference between the actual and expected change inσ i

n (which exists since the belie
are not updated towards the mixed strategyβi

τn
(σ−i

n ) but instead towards the observed action
in Benaïm and Hirsch, 1999). TheseMi

n+1 are bounded martingale differences, so if{αn}n�1 is
deterministic ando(1/ log(n)) then the condition on{Mn}n�1 in Definition 3 holds with proba
bility 1 (Benaïm et al., 2005).

Furthermore, it is clear that, asτ → 0, βi
τ (π

−i ) → bi(π−i ) for all π−i , and soβi
τn

(σ−i
n ) ∈

bi
εn

(σ−i
n ) whereεn → 0 asn → ∞. Hence a stochastic fictitious play with decreasing smoot

parameters (or equivalently vanishing payoff perturbations) results almost surely in a gene
weakened fictitious play process, and therefore converges to Nash equilibrium whenever c
fictitious play does.

4.3. Fictitious play in a converging sequence of games

Vrieze and Tijs (1982) considered fictitious play in a converging sequence of games,
proved useful in their study of fictitious play in stochastic games. We note here that s
fictitious play results in a generalised weakened fictitious play for the limit game, since
response in the converging sequence of games is anε-best response in the limit game. Howev
the notational overhead required here to prove this is not justified by the result, which is i
proved in Leslie (2003).

5. An actor–critic process

All of the processes discussed so far require that players observe opponent actions,
their knowledge of the payoff functions to calculate a best response. However, it is of in
to determine whether or not simple adaptive play can converge to equilibrium strategies
out this information, and without the players even knowing that they are playing a game
learning processes have been described as “simple, payoff-based” learning processes (F
Young, 2003b). Recent attempts to examine such processes have focussed on a particula
reinforcement learning (Roth and Erev, 1995). Beggs (2005) shows that under this model
will learn not to play actions that are removed under iterated removal of dominated action
that for two-player constant-sum games the players will learn to play Nash equilibrium.
larly, Hopkins and Posch (2005) show that play cannot converge to a joint mixed strateg
is not a Nash equilibrium, and that play converges to an equilibrium in two-player partn
games. These results, as well as those of Börgers and Sarin (1997) on a different versio
inforcement learning, are obtained by exploiting a relationship with the replicator dynam
evolutionary game theory (Taylor and Jonker, 1978), analogously to the relationship be
generalised weakened fictitious play processes and the best-response differential inclu
ploited in this paper. Other simple, payoff-based learning processes introduced by the
(Leslie and Collins, 2003; Leslie and Collins, 2005) have been analysed using their relati
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with the smooth best response dynamics (Hofbauer and Hopkins, 2005). In this section w
ify an actor–critic process introduced in Leslie and Collins (2003) to give a simple payoff-
learning process which results in a generalised weakened fictitious play process.

Suppose that an oracle tells each player the current expected reward associated w
action, and that players adjust their strategies towards a reward-maximising action. Th
strategies will follow a process

πn+1 ∈ (1− αn+1)πn + αn+1b(πn),

which is clearly the same as a fictitious play process. However, relying on an oracle is
feasible learning process in the real world; we will see in this section how players can effe
provide themselves with a fuzzy oracle, which tells them approximately what their curre
pected rewards are, and this allows strategies to follow a generalised weakened fictitio
process.

In an actor–critic process, each player has both an actor component (the current s
and a critic component (estimates of action values) which is used to inform the actor (i.
date the strategy). We will writeπi

n ∈ ∆i for Player i ’s strategy at timen, and Qi
n ∈ R

|Ai |
for Player i ’s estimates of action values at timen. At each stage of the process,πi

n will be
adjusted towards a smooth best response based upon the estimatesQi

n, while Qi
n will be up-

dated based on the observed payoff. As before, we will writeπn = ×N
i=1 πi

n, Qn = ×N
i=1 Qi

n, and
r(π) = ×N

i=1 ri(·,π−i ) (so thatQn will approximater(πn)), and define the following analogue
of theε-best response correspondences:

b̃i
ε

(
Qi

) = {
πi ∈ ∆i : πi · Qi � max

ai∈Ai
Qi

(
ai

) − ε
}
,

b̃ε(Q) = N×
i=1

b̃i
ε

(
Qi

)
.

Lemma 6. If the strategies πn follow a process

πn+1 ∈ (1− αn+1)πn + αn+1b̃εn(Qn)

with αn → 0 and εn → 0, and if ‖Qn − r(πn)‖ → 0 as n → ∞, then the πn follow a generalised
weakened fictitious play process.

Proof. Suppose‖Q − r(π)‖ < η, andπ̃ ∈ b̃ε(Q). Then

π̃ i · Qi � max
ai∈Ai

Qi
(
ai

) − ε � max
ai∈Ai

ri
(
ai,π−i

) − η − ε.

Hence

b̃εn(Qn) ⊂ bε′
n
(πn)

for someε′
n → 0, and theπn follow a generalised weakened fictitious play process.�

This leaves only the problem of how to obtain estimatesQn that are asymptotically close t
r(πn). These can be obtained using reinforcement learning (Sutton and Barto, 1998), al
we need to be careful that all actions are played often enough that estimates remain clo
start by extending a result of Singh et al. (2000) to give conditions under which the prob
of playing any action is bounded below by a suitable decreasing sequence. (In Leslie, 20
condition was forced by projecting strategies away from the boundary of strategy space,
approach here is more readily justified as a model of learning.)
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ss

timate
in such a

tes.
Lemma 7. Suppose that strategies evolve according to

πi
n+1

(
ai

) = (1− αn+1)π
i
n

(
ai

) + αn+1β
i
n

(
ai

)
(3)

for each i and each ai ∈ Ai , where βi
n is Player i’s Boltzmann smooth best response, with

βi
n

(
ai

) = exp(Qn(a
i)/τ i

n)∑
a∈Ai exp(Qn(a)/τ i

n)
for each ai ∈ Ai . (4)

Suppose further that the temperature parameters τ i
n are chosen to be

τ i
n = maxa∈Ai Qi

n(a) − mina∈Ai Qi
n(a)

ρ log(n)
(5)

with fixed constant ρ ∈ (0,1]. If supn ‖Qn‖ < ∞ then:

(1) τ i
n → 0 for all i, and

(2) ∃K,κ > 0 such that for n � K , for each i and for each ai ∈ Ai ,

πi
n

(
ai

)
� κ

nρ
.

Proof. We start by noting that, since supn ‖Qn‖ < ∞, τ i
n → 0 for all i.

For the second part, note first that

τ i
n � maxa∈Ai Qi

n(a) − Qi
n(a

i)

ρ logn

for all ai ∈ Ai , so that

nρ exp
(
Q

(
ai

)
/τ i

n

)
� exp

(
max
a∈Ai

Qi
n(a)/τ i

n

)
= 1

|Ai |
(∣∣Ai

∣∣exp
(
max
a∈Ai

Qi
n(a)/τ i

n

))
� 1

|Ai |
∑
a∈Ai

exp
(
Qi

n(a)/τ i
n

)
,

and hence

βi
n

(
ai

) = exp(Qi
n(a

i)/τ i
n)∑

a∈Ai exp(Qi
n(a)/τ i

n)
� 1

|Ai |nρ

for all ai ∈ Ai .
To show thatπi

n(a
i) � κ

nρ for sufficiently largen, observe from (3) that ifπi
n(a

i) � 1
|Ai |nρ then

πi
n+1(a

i) > 1
|Ai |(n+1)ρ

, and ifπi
n(a

i) < 1
|Ai |nρ thenπi

n+1(a
i) > πi

n(a
i). Hence there exists anKi

such thatπi
Ki

(ai) � 1
|Ai |Kρ

i

(since otherwiseπi
n(a

i) is monotonically increasing and always le

than 1
|Ai |nρ ), and thenπi

n(a
i) � 1

|Ai |nρ for all n � Ki . The result follows on takingκ = mini
1

|Ai |
andK = maxi Ki . �

This result enables us to define the following actor–critic process, in which players es
expected rewards and adapt strategies towards smooth best responses to these rewards
way as to ensure that all actions are played sufficiently often to maintain accurate estima
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he dif-

ions
Definition 8. A Boltzmann actor–critic process is a process{πn,Qn} such that

πi
n+1

(
ai

) = (1− αn+1)π
i
n

(
ai

) + αn+1β
i
n

(
ai

)
, (6)

Qi
n+1

(
ai

) = Qi
n

(
ai

) + λi
n+1I{ai

n=ai }
(
Ri

n − Qi
n

(
ai

))
, (7)

for eachi and eachai ∈ Ai , where:

• ai
n, the action played by Playeri at timen, is selected according to strategyπi

n, and results
in rewardRi

n, and
• βi

n is as defined in (4) and (5).

Theorem 9. Suppose that {πn,Qn} is a Boltzmann actor–critic process for which

• αn+1 = (Cα + n)−ρα where Cα and ρα are chosen to satisfy Cα > 0 and ρα ∈ (0.5,1],
• λi

n+1 = (Cλ +ci
n(a

i
n))

−ρλ where ci
n(a

i) = ∑n
k=1 I{ai

k=ai } is the number of times action ai has
been selected up to and including game n, and Cλ and ρλ are chosen to satisfy Cλ > 0 and
ρλ ∈ (0.5, ρα),

• ρ = ρπ , used to calculate the Boltzmann smooth best responses in (4) and (5), is chosen to
satisfy ρπ ∈ (0, ρα − ρλ).

Then, with probability 1, the πn follow a generalised weakened fictitious play process.

Proof. By Lemma 7, if‖Qn − r(πn)‖ → 0 thenτ i
n → 0 for eachi and by Lemma 6 we have

generalised weakened fictitious play process. Hence it suffices to prove that‖Qn − r(πn)‖ → 0.
We assume in what follows thatn is sufficiently large such thatπi

n(a
i) � κn−ρπ for eachi and

eachai ∈ Ai (see Lemma 7).
Fix i andai , and let{νk}k�1 be the sequence of times when actionai is played by Playeri

(this sequence is well-defined, by Lemma 7 and the Borel–Cantelli lemma), and define t
ferences

Dk = Qi
νk

(
ai

) − ri
(
ai,π−i

νk

)
.

We will show thatDk → 0 almost surely, which is sufficient to prove the result, since all act
are played with positive probability at all times.

Note, from (7) and the definition ofνk , that

Qi
ν(k+1)

(
ai

) = Qi
(νk)+1

(
ai

) = (
1− λi

(νk)+1

)
Qi

νk

(
ai

) + λi
(νk)+1R

i
νk

.

Hence

Dk+1 = Qi
ν(k+1)

− ri
(
ai,π−i

ν(k+1)

)
= (

1− λi
(νk)+1

)(
Dk + ri

(
ai,π−i

νk

)) + λi
(νk)+1R

i
νk

− ri
(
ai,π−i

ν(k+1)

)
= (

1− λi
(νk)+1

)
Dk + λi

(νk)+1

(
Ri

n − ri
(
ai,π−i

νk

)) + ri
(
ai,π−i

νk

) − ri
(
ai,π−i

ν(k+1)

)
.

Sinceλi
(νk)+1 = (Cλ + k)−ρλ , we see that

Dk+1 = (
1− (Cλ + k)−ρλ

)
Dk + (Cλ + k)−ρλ(Mk − Ek),

whereMk is a bounded martingale difference, and

Ek = (Cλ + k)ρλ
{
ri

(
ai,π−i

ν

) − ri
(
ai,π−i

ν

)}
.

k+1 k
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on is

If we can show that‖Ek‖ → 0 almost surely, then Theorem 2 applies toDk with Uk = Mk − Ek

andF(D) = −D. The unique compact invariant set of the associated differential inclusi
D = 0, and the result follows.

Notice thatri(ai,π−i ) is continuous inπ−i , so from (6)∥∥ri
(
ai,π−i

n+1

) − ri
(
ai,π−i

n

)∥∥ � Cαn+1

for someC (depending only on the reward functionri ). Therefore

C−1‖Ek‖ � (Cλ + k)ρλ

νk+1−1∑
j=νk

αj+1 � (Cλ + k)ρλ(νk+1 − νk)α(νk)+1.

Furthermore, sinceνk � k, andα(νk)+1 = (Cα + νk)
−ρα ,

‖Ek‖ � C′ νk+1 − νk

νk
ρα−ρλ

,

for some constantC′. Thus, by the Borel–Cantelli lemma, we see that‖Ek‖ → 0 almost surely
if, for arbitraryδ > 0,∑

k�1

P

(
νk+1 − νk

νk
ρα−ρλ

> δ

)
< ∞. (8)

Fix νk , and letj be the greatest integer less than or equal toδ(νk)
ρα−ρλ . Then

P

(
νk+1 − νk

νk
ρα−ρλ

> δ

)
� P(νk+1 > νk + j)

�
(
1− κ(νk + 1)−ρπ

)(
1− κ(νk + 2)−ρπ

) · · · (1− κ(νk + j)−ρπ
)

(
sinceπi

n

(
ai

)
� κn−ρπ

)
<

(
1− κ(νk + j)−ρπ

)j

< exp

{
− jκ

(νk + j)ρπ

}

< exp

{
−κ

δ(νk)
ρα−ρλ − 1

(νk + δ(νk)ρα−ρλ)ρπ

}

= exp

{
κ

(νk + δ(νk)ρα−ρλ)ρπ

}
exp

{
−κδ

(νk)
ρα−ρλ−ρπ

(1+ δ(νk)ρα−ρλ−1)ρπ

}
.

Sinceνk � 1 and 0< ρα − ρλ < 1,

κ

(νk + δ(νk)ρα−ρλ)ρπ
� κ

(1+ δ)ρπ
, and

−κδ
(νk)

ρα−ρλ−ρπ

(1+ δ(νk)ρα−ρλ−1)ρπ
� −κδ

(νk)
ρα−ρλ−ρπ

(1+ δ)ρπ
.

Hence there exist constantsC1,C2 > 0, independent ofk andνk , such that

P

(
νk+1 − νk

ρα−ρλ
> δ

)
� C1 exp

{−C2(νk)
ρα−ρλ−ρπ

}
.

νk
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Fig. 2. Strategies of both players over 107 iterations of the discontinuous actor–critic process in the game (9) (first
iterations omitted). The parameters areρα = 1.0,ρλ = 0.6, andρπ = 0.1, withCα = Cλ = 1. Strategies spiral clockwis
towards the unique equilibrium point.

Now, for η > 0,
∞∫

0

e−C2x
η

dx
y:=xη= η−1

∞∫
0

yη−1−1e−C2ydy = η−1�
(
η−1)C2

−η−1

where� is the Gamma function. Therefore
∑

k�0 C1 exp{−C2k
ρα−ρλ−ρπ } < ∞, sinceρπ <

ρα − ρλ by assumption, and we see that (8) holds.�
Thus we have shown that this actor–critic process, in which players do not know the r

function, and pay no attention to the other players, is a member of the same class of proc
fictitious play and its variants. Hence it converges in the same games in which we have sh
the other generalised weakened fictitious play processes to converge. This shows that pla
learn to play Nash equilibrium strategies in certain classes of games, without having know
of the game, or even knowing they are playing a game.

We conclude our analysis of this process by presenting the results of an experimen
game with reward matrix(

(2,0) (0,1)

(0,2) (1,0)

)
. (9)

This is a rescaled zero-sum game, so strategies evolve exactly as if it is zero-sum (Ho
and Sigmund, 1998), and should therefore converge to the unique Nash equilibrium
π1 = (2/3,1/3) andπ2 = (1/3,2/3). This equilibrium requires the players to assign uneq
probabilities to their two actions, despite the fact that both actions receive the same ex
reward when equilibrium strategies are played—a situation that could easily cause proble
players that do not observe opponent behaviour or know anything about the game (see Le
Collins, 2005 for further discussion of this issue). However, as observed here in Fig. 2,
predicted by the theoretical results, the actor–critic process is not afflicted by this problem
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