STABILITY OF STOCHASTIC APPROXIMATION UNDER VERIFIABLE
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Abstract. In this paper we address the problem of the stability and convergence of the stochastic approximation
procedure

On+1 = On + Yn+1[h(0n) + Enta]-

The stability of such sequences {6, } is known to heavily rely on the behaviour of the mean field h at the boundary of the
parameter set and the magnitude of the stepsizes used. The conditions typically required to ensure convergence, and in
particular the boundedness or stability of {6, }, are either too difficult to check in practice or not satisfied at all. This is the
case even for very simple models. The most popular technique to circumvent the stability problem consists of constraining
{6} to a compact subset K in the parameter space. This is obviously not a satisfactory solution as the choice of K is a
delicate one. In the present contribution we first prove a “deterministic” stability result which relies on simple conditions
on the sequences {£,} and {yn}. We then propose and analyze an algorithm based on projections on adaptive truncation
sets which ensures that the aforementioned conditions required for stability are satisfied. We focus in particular on the
case where {£,} is a so-called Markov state-dependent noise. We establish both the stability and convergence w.p. 1 of the
algorithm under a set of simple and verifiable assumptions. We illustrate our results with an example related to adaptive
Markov chain Monte Carlo algorithms.

Key words. Stochastic approximation, state-dependent noise, randomly varying truncation, Adaptive Markov Chain
Monte Carlo.
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1. Introduction. In many contexts it is of interest to find the roots of possibly non linear equations
of the form

ho)=0, 6Oco, (1.1)

for some mapping h : © — R™ where © C R™ for some integer ng. Most of the methods for solving the
previous equation are iterative, i.e. produce a sequence of iterates {6,,,n > 0} which eventually converges
to the set of solutions of Eq. (1.1),

S:={0€0,h0) =0}. (1.2)

Stochastic Approzimation (SA) is a class of algorithms to solve Eq. (1.1) in the situation where only
noisy measurements of h are available. In its simplest form, the Robbins-Monro algorithm produces a
sequence {60,,,n > 0} defined recursively as follows,

0y € O, Ont1=0n + Ynt1Cnt1, n =1, (1.3)

where {v,,n > 1} is a sequence of stepsizes which satisfies standard conditions (say v, | Oand > <, v =
o0) and for any n > 1, ¢, is a noisy measurement of h(6,). It is useful to introduce the sequence
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{&n,n > 1} defined as

Cn+1 = h(en) + €n+17 (14)

which will be referred to as the noise sequence. Convergence of SA has been studied under various sets
of assumptions for the mean field h and the noise sequence {§,,n > 1} since the early work by [23];
see e.g. [5],[18], [24], [16] and the references therein. Essentially, convergence of the SA sequence can
be established toward an attractive subset provided that the sequence {#,,,n > 0} is with probability 1
(hereafter w.p. 1) in a compact subset of © and is w.p. 1 infinitely often in the domain of attraction of
this attractive subset. Showing in practice that {0,,n > 0} satisfies these boundedness and recurrence
conditions proves to be a difficult task. The available results hold under conditions which are still
restrictive, despite recent advances (see [1], [7], [6] and references therein). This major drawback has
motivated the design of modified Robbins-Monro recursions. Probably the most widely used method in
practice consists of constraining the sequence {6,,n > 0} to some compact set X C © by means of a
reprojection onto K. This method has been thoroughly investigated in [24] (see also [8] and the references
therein). Although relatively easy to implement, and sound when constraints about the system considered
are available a priori, this approach becomes impractical and questionable in many situations of interest.

Our contributions to solve the stability and convergence problems are here twofold:

First we establish and prove in Section 2 a general result of stability, Theorem 2.2, for deterministic
sequences of the form given by Egs. (1.3)-(1.4). This key deterministic result assumes the existence
of a global Lyapunov function for the mean field A and mild general assumptions about the noise and
stepsize sequences. In contrast with previous results, the conditions required on the growth of the
Lyapunov functions and the mean field h when 6 approaches the boundaries of the parameter set © are
minimal. As a consequence the result is applicable to quite general settings. We then show that, under
the conditions that guarantee stability, the convergence of the deterministic sequence Eq. (1.3)-(1.4) is
ensured (see Theorem 2.3).

Our second contribution here consists of proposing a SA algorithm (Section 3) for which the afore-
mentioned noise and stepsize conditions are satisfied w.p. 1. There are many different applications of
stochastic approximations which imply markedly different types of assumptions on the noise sequence
{&n}. Whereas our deterministic stability and convergence results mentioned above can be applied quite
generally, we focus in this paper on the subtle Markov state dependent noise (see [24, Chapter 6, Section
6.6] and Section 3 in this paper), for which the availability of algorithms whose convergence can be estab-
lished under general but nevertheless verifiable assumptions is still missing. The proposed algorithm is a
modification of the classical Robbins-Monro procedure described in Eq. (1.3)-(1.4), based on truncations
on adaptive truncation sets, in the spirit of the seminal works [11] and [10].

The convergence of SA with adaptive truncation sets has been considered under various conditions on
the noise sequence {&,}. These include state-independent noise conditions (see for example [12, Section
2.4, pp. 42-44]) but also state-dependent martingale differences ([32], [14], [9], [12, Section 2.5, pp. 49-
57]) or state-dependent ¢-mixing processes ([9], [12, Section 2.5, pp. 49]). However the application of
this strategy to the Markovian state dependent case requires even more care, and it is therefore not
surprising to find that the results on the topic are scarce, and have been obtained under conditions that
are more stringent than those considered in the present paper; see [33], [13] and for the special case of
ARMAX models, [12, Chapter 6]. As we shall see our procedure differs in some respects from the original
procedure proposed by [11] and [10], and offers additional degrees of freedom. Our technique of proof for
the stability relies on a novel approach and offers as a byproduct an explicit bound for the tail probability
of the number of reprojections, which is found to be super-exponential under mild technical conditions.

In order to illustrate our findings and their applicability, we propose (see Section 7) to analyse the
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convergence of an adaptive Markov chain Monte Carlo (MCMC) algorithm recently proposed in [20] and
analysed under more stringent conditions than those considered here. Other examples can be found in

[2].

2. Key deterministic results. In this section we establish both stability and convergence results
for deterministic recursions of the type described in Egs. (1.3)-(1.4). Before stating our first assumptions,
some definitions and notation are needed. Let d be a positive integer. An element v of R? is denoted by
its column vector v and its transpose is denoted by v*. For elements v, w of R%, we denote < v, w > their
inner product, so that |v| = /< v,v > denotes the norm of v. Our first assumption is the existence of a
global Lyapunov function w for the mean field h. Denoting W), := {6 € ©,w(0) < M} C © we assume,

(A1) O is an open subset of R™ h:© — R™ is continuous and there exists a continuously differen-
tiable function w : © — [0, 00) such that
(i) There exists My > 0 such that

c:{9e@Kwaymm>=o}c{ee&ww)<MM7

(ii) There exists My € (M, oc] such that W)y, is a compact set,
(M)Rmmw0€®\Q<VwWLM®><Q
(iv) The closure of w(£) has an empty interior.

If h is a gradient field, i.e. h = —V.J for some lower bounded real valued and differentiable function
0 — J(0), then the choice w = J is appropriate, provided that J is continuously differentiable. Note that
in situations where the set of stationary points cannot be characterized explicitly, one might use Sard’s
theorem from differential geometry in order to check (Al-iv). Indeed, Sard’s theorem states that if w is
ng-times continuously differentiable, then w({Vw = 0}) has an empty interior.

Our approach to prove our stability and convergence results can be decomposed into two distinct
steps. In the first step (this section), we establish deterministic conditions on a noise sequence {&,} and
a stepsize sequence {p,} upon which a deterministic sequence {6,,} defined as

0o €O Ohy1=0n+ pri1[h(0n) +&nga] for n>0, (2.1)

has the following properties: (i) it remains in a compact subset of © (see Theorem 2.2) and (ii) provided
that {6,} remains in a compact subset of ©, converges to £ (Theorem 2.3). In a second step - which
is probabilistic in nature and depends on how the noise is generated - we develop a general algorithm
for the case where {¢,} follows a Markovian state-dependent dynamic which allows one to show that the
required condition on {&,} is satisfied w.p. 1 (Sections 3-6).

Before proving Theorem 2.2 and Theorem 2.3 we prove in the following lemma a fundamental con-
traction property of the Lyapunov function w. This result is the crux to both the proof of stability and
convergence.

LEMMA 2.1. Assume (A1).Then

(i) Let KL C © be a compact subset such that 0 < infgex ’<Vw, h>’ For any 0 < § < infgex ’<Vw, h> ,

there exist A > 0 and 8 > 0, such that, for any p, 0 < p < X, (, |[{| < B, and 0 € K, w(0 + ph(0) +
p¢) < w(f) — pé.

(i) For any M € (Mo, My] (where My is defined in (A1-i) and My is defined in (A1-ii)), there exist
A >0 and B > 0 such that for any p, 0 < p <\, ¢, || < 3, and 6 € Wiy, 0 + ph(0) + p¢ € Whar.
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Proof. We first prove (i). For any 0 < § < infypex |<Vw7 h>|, there exist A > 0 and 3 > 0 such that
forall p, 0 < p <A ¢, [¢|<Bandt, 0<t<1,wehave for all § € K, § + pth(0) + pt¢ € © and

[(Fw(0),1(8)) ~ (Tw(® + pth(0) + ptC), h(6) + ¢ )| < inf [(Vw, h)| -

Then for any p, 0 < p < X and ¢, [¢]| < 33,
w(O+ph(0)+pC)—w(0) = p{ Veo(6), h(6) )+ /O 1 ({Fuw(® + tph(6) + toC), n(0) + ¢ ) — (Vw(6), h(9) ) ) dt

<=0t (Fw) 4o (g (F0.)1 = 5) = =95

We now prove (ii). Consider M’ € (Mg, M). Since W)y is compact and w continuous, there exists Ag > 0
and Sy > 0 such that, for all 0 < p < Ay, [¢] < By and 6 € Wy then 0 + ph(8) + p¢ € Wy, We can
apply (i) to the set K = {0 € O, M’ < w(f) < M} to show that there exists A1, 81 such that, for all p,
0<p<A, G |¢l<pBrandb e, wd+ph(d)+pC) < w(d) < M, showing that 6 4+ ph(0) + p¢ € Wyy. O

2.1. Boundedness. In this section, we show that under (A1) and mild additional conditions on
{&n} and {p,}, then the sequence defined in Eq. (2.1) remains in a compact subset of ©.

THEOREM 2.2. Assume (A1). For any M € (My, M;] there exist §o > 0 and Ao > 0 such that, for all
n > 1, all g € Whay,, all sequences {pr} of non negative integers and all sequences {&} of ng-dimensional
vectors satisfying

k

sup pp < Ao and sup ijfj < do,

1<k<n 1<k<n |.—
SR> SESN 5=

we have for k € {1,...,n}, w(lr) < M, where 0 = 01 + prh(0k—1) + pr&k-
Proof. Let M’ be such that M’ € (My, M). Lemma 2.1 shows that there exists A\g > 0, 8y > 0 such
that, for all 6, p and ( satisfying w(f) < M’, 0 < p < Ag and || < Bo,
w(®+ ph(6) + p¢) < M. (2.2)

By continuity of h and w there exists 6y € (0, Bo] such that for all (6,6) € © x O satisfying w(f) < M
and |6 — 0| < dp, we have

[1h(0) = h(O)] < Bo and  |w(f) —w(0)| < M — M. (2:3)
We will now prove by induction that, for all k € {1,...,n}, w(fy) < M’ and w(f;) < M, where the
sequence {0} is defined recursively as follows: 6y = 6y and for all k € {1,...,n},
Ok = Op—1 + prh(0x_1).

Under the stated assumptions w(fy) = w(fy) < My and since 0 < p; < A\g and |01 — 01| = |p1&1] < o,
on the one hand Lemma 2.1 shows that w(f;) = w(fy + p1h(fy)) < M’ and on the other hand w(6;) =
w(fo + p1h(6o) + p1&1) < M, which proves the result for n = 1. Assume now that the result holds up to
1 <k <n-—1forn>1. By construction, for j € {1,...,k}, 8; —0; = 0,1 — 0,1 + p;&;, which implies
that

J
0 —0; = Zpi&‘- (2.4)
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Under the stated assumptions and Eq. (2.3), for j € {1,...,k}, |8; — 0;] < &o and |h(6;) — h(0;)| < Bo.
On the other hand,

Ort1 = Ok + pri1h(Ok) = Ok + pryrh(Ok) + prsr (R(O) — h(Br)) -

Since 0 < pry1 < Ao and w(fy) < M’', Lemma 2.1 shows that w(fr11) < M’. Using again that
|0k+1 — Ok11] < b0, Eq. (2.3) implies that w(fx+1) < M, which concludes the proof. O

2.2. Convergence. Theorem 2.2 provides us with conditions on {&,} and {p,} upon which a
sequence as defined in Eq. (2.1) stays within a compact subset of ©. In the next proposition we show
that whenever {6} stays in a compact subset of ©, then under mild additional assumptions it converges
to L. The key result of this section is the following theorem, adapted here from [14, Theorem 2] (see [12]
for a similar result). For an integer d and A a subset of R?, we define d(z, A) = inf{y € A, |z — y|}. For
any set A C © and any § > 0, we define A5 := {6 € ©,d(0, A) < §}; for any function ¢ : © — R, we
define 9] := suppes [9(0)].

THEOREM 2.3. Assume (A1). Let K be a compact subset of © such that LNIK # 0. Let {pi} be a
monotone non-increasing sequence of positive numbers such that pg < Ao (where Ao is given in Theorem
2.2),

Zpk =00 and klim pr = 0.
=1 — 00

Let {£,.} be a sequence in R™ satisfying limsupy,_, .. Sup;>y, ‘Zi’:k ngl’ = 0. Assume that the sequence
defined by 0, = O—1 + pph(0k—1) + prék, is such that {0y} C K. Then, limsup,,_, ., d(0, LN K) = 0.

We preface the proof of this theorem with two lemmas. For both lemmas, the assumptions of Theorem
2.3 are assumed to hold.

LEMMA 2.4. Let N C © be an open neighbourhood of LN K. There exist positive constants 6, € and
A (depending only on the sets N and K), such that for any ¢’ € (0,6], N € (0,A] and n > 0, one can find
an integer N and a sequence {0;};>n satisfying

sup |0, —0;] < &', supp; <X, and sup|w(0;) —w(b;)| <mn, (2.5)
j=N Jj>N Jj=N
w(f;) < w(0j-1) — pje + (n+ pje) In(Bj-1) for j>N+1 (2.6)

Proof. Let us choose dy > 0 such that the compact set K5, C ©. The set Ks, \ N is compact and
sup,cao\N<Vw,h> < 0. By Lemma 2.1, for any € > 0 such that SUPee/céo\/\/<vw(9)7h<9)> < —¢, one
may choose A > 0 and 3 > 0 small enough so that for any p € [0, ], [(| < B and 0 € K5, \ NV,

w(0 + ph(0) + p¢) < w(f) — pe. (2.7)

Using the uniform continuity of continuous functions on compact sets, for any n > 0 one may choose
§ € (0, M||h]|x] small enough so that for all (6,0) € Ks, x Ks, satisfying |6 — 0] < § < A||h]|k,

h(8) ~ h(@)] < B and  [w(8) —w(B)] < 1. (2.8)

Under the stated conditions for all ¢’ € (0,9] and A" € (0, \] there exists an integer N such that for any
n>N+1, p, <X and |ZZ:N+1 pk&c{ < ¢'. Define recursively for j > N the sequence {0;};>n as
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follows: Oy := Oy and for j>N+1,
0; =01+ pjh(6;-1). (2.9)

By construction, for j > N +1,0; —0; = ZLNH pi& which implies that sup,> n 10; —0;] <&'. On the
other hand, for j > N 4+ 1,

0; =051+ pjh(0;-1) + pj (h(0;-1) — h(B;-1)), (2.10)

and since |0;_1 — 0;_1| < 0’ <4, Eq. (2.8) shows that [h(0;_1) — h(f;-1)] < 8. Thus, Eq. (2.7) implies
that, whenever 0; 1 € Ks \ N, w(0;) < w(0;_1) — pje. Now Eq. (2.8) implies that |w(0;) —w(#;-1)] <n
for any 6,1 € K5 and |w(8;) — w(6;)| < n for any 6; € K, which concludes the proof. O

LEMMA 2.5. Let € be real constants, n be an integer and let —co < a1 < by < -+ < a, < b, < 00
be real numbers. Let {u;} be a bounded real sequence such that, for any n > 0 there exists an integer J
such that for all j > J,

n

wj < ujoy = pje+ (n+pie)lauj1) A= Jlai,bi]- (2.11)
=1

Then, the limit points of the sequence {u;} are included in A.

Proof. As {u;} is bounded, it has at least one limit point from the Bolzano-Weierstrass theorem. Let
us denote G one of these limit points; since {u;} is bounded and satisfies Eq. (2.11), @ > a1. Now let us
proceed by contradiction and assume that there exists [ € {1,2,...,n} such that a € (b, a;41), with the
convention that a,4+1 = co. For any € > 0 sufficiently small [a — €,a + €] C A°. Now, for any integer j
and any set B C R, we define:

75(j) = inf{k > j : up € B},

with the convention inf ) = co. Since 2;0:1 pr = 0o and {ug }x>o0 is bounded, Eq. (2.11) implies that for
any 1 > 0 and j > J, o(j) := 7a(j) < oo. Note also that for k = j,...,0(j), ux < u;. Since a € (b, aj4+1)
is a limit point, for any integer j, x(j) := T(4,,00)(j) < 00. Let > 0 be such that, for any j > J,
0<n<(a—e—0b)/2 Then forj > J, ;) < (@—e+b)/2and for k = k[o(j)],...,k(a(k[o(4)])) -1,
up, < Uglo(;)], Which implies that for any ¢ > x(o(J)), u; < (@ — € + b;)/2 and contradicts the fact that
@ is a limit point. Now using the same type of argument, one can show that if an accumulation point
a € [ag, bg] for some k € 1,...,n — 1, then there cannot be any accumulation point in [a;, b;] for n > 1 > k.
As a consequence there cannot be an accumulation point in an interval other than [ay, bg]. O

Proof. [Theorem 2.3] We first prove that lim; ., w(d;) exists. For any a > 0, define the set
[WLNK)]g :={zeR:d(z,w(LNK)) < a}. Since |w|x < oo, [w(LNK)], is a finite union of disjoint
intervals of length at least equal to 2a. By Lemma 2.4, there exist positive constants d, €, A, such that
for any &’ € (0,8], X' € (0,A] and 1 > 0, one may find an integer N and a sequence {f;};>x such that,

sup [0; — 0;] <" and  sup [w(6;) —w(f;)] <7
i>N i=N

and
w(0;) <w(B—1) — pje + 0+ pje) Lpwenky. (w(B;—1)) forany j>N+1,

where we have made the choice N = w™! (int([w(£LNK)]a)) and used that 1a(0) < 1y, (w(6)). By
Lemma 2.5, the limit points of the sequence {w(f;)} are in [w(L N K)], and since sup;~ v [0; — 0;] < 0’
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the limit points of the sequence {w(f;)},>0 are in [w(L N K)]y for o/ = a+n. Since o and 1 can be
chosen arbitrarily small, this implies that the limit points of the sequence {w(6;)};>0 are included in
Nasow(L£LNK)]q. Because LNK is a compact subset of R™ and w is continuous, w(£NK) is a compact
subset of R which implies that: w(£NK) =, q[w(£NK)]a. Thus, the limit points of {w(f;)} belong
to the set w(LNK).

On the other hand, limsup,_, ., [w(f#;) — w(6;—1)| = 0, which implies that the set of limit points of
{w(6;)} is an interval. Because w(£) has an empty interior, the only intervals included in w(£ N K) are
isolated points, which shows that the limit lim;_,,, w(f;) exists.

We now proceed to proving that limsup;_, d(0;,LNK) =0. Let N C K be an arbitrary neighbour-
hood of LN K. From Lemma 2.4 there exist constants 6 > 0, € > 0, A > 0 such that for any ¢’ € (0, 7],
A € (0,)] and n > 0 one may find an integer N and a sequence {6;},>n such that

sup [0; — 0] < &', supp; <N and  sup |w(f;) —w(f;)] <7
j>N j=>N >N

and
w(0;) < w(j-1) — pje+ (n+ pje)ln(0j-1) forany j>N+1.

For j > N, define 7(j) := inf {k > 0,04, € N'}. For any integer p, define 77(j) := 7(j) A p, where
a Ab=min(a,b).

J+TP () J+7P ()
(0J+Tp(3) Z {w —w(f;—1 } < —¢ Z Pis (2.12)
=741 i=7+1

with the convention that, for any sequence {a;} and any integer [, Zé:z +1 @i = 0. Therefore,

w(9j+7'p(j)) - w(ej) = w(9j+rp(j)) - w(éjJr‘rT’(j)) + w(éjJrTP(j)) - w(éj) + w(éj) - w(Hj)

J+7P(4)
<2n-—c¢ Z Pi-
i=j+1
Since {w(f;)} converges, for any ¢ > 0 there exists N’ > N such that, for all j > N’,
J+77 ()
—&' <w(l4rre)) —w(0;) <2n—e Z pi (2.13)
i=7+1
This implies that, for all j > N’ and all integer p > 0,
J+7P ()
Y pi<CEm) =" +2n). (2.14)
i=j+1
Since Y7 +;(FJ1) pi =lm, oo Y7 +]T+(13 ) p; and Y e, pi = 00, the previous relation implies that, for all j >

Nllf' Th(q) <1.oO ?EdthTﬂ) pi < C(',m). For any integer p, 04, —0; = Y170, pih(0;1) + Y100 pii,
which implies tha

j+p Jj+p

10545 — 051 < IRl Z pi + Z pi&il -

i=j+1 i=j+1
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Applying this inequality for j > N’ and p = 7(j) and using that, by definition, 93+T(]) eN,

J+7(5)
d(ej’N) < |‘9j+'r( 8J+‘r J)| + |0j+7'(] | < o + ”hHIC C(E 77) Z pifi .
i=j+1

Since 7,¢" and ¢’ can be chosen arbitrarily small, and limsupy_, ., sup;>, ‘Zi:k pi&i| = 0, the latter

inequality shows that lim; . d(6;,N') = 0. Since N is arbitrary, we thus have lim;_. . d(0;, LN K) = 0.
0

Note that the boundedness is here one of the required assumption. It is therefore natural to try to
apply Theorem 2.2. This is what motivates the next section, where we describe a modification of the
stochastic approximation algorithm which ensures that the conditions of Theorem 2.2 are satisfied. We
consider here the Markov state dependent noise as it covers many applications of interest, encompasses
the exogeneous scenario and as we shall see leads to general and verifiable conditions.

3. Markov state-dependent noise. In this section, we describe our stochastic approximation
procedure with adaptive truncation sets and introduce the relevant notation required in the Markovian
state dependent noise scenario (see [24, Section 6.6, p 159] for a detailed description and numerous
examples). We first introduce a version without truncations of the algorithm in this setting (Subsection
3.2), and describe our adaptive procedure in terms of this plain algorithm in Subsection 3.1. This will
prove extremely useful when proving that our procedure is stable in Section 4 and in particular Section
5.

It is assumed hereafter that the state-space X and the parameter space © are equipped with a
countably generated o-field, B(X) and B(O) (and measurability will always be defined w.r.t to these
o-fields).

3.1. Non-homogeneous chain. Let p = {p,} be a monotone non-increasing sequence with pg < 1,
define the product space X := X U {z.} x © := O U {0.}, where 0. ¢ © and z. ¢ X are two arbitrary
cemetery points, and define the non-homogeneous Markov chain {Y? := (X,,,0,)} on X x © as follows.
Set g =0 €0, Xg=x € X, and for n > 0,

(3.1)

0 o Hn + pn+1H(9n, Xn+1) and Xn+]_ ~ Pgn (X’I’L7 ) if 91’7, S @,
T 6, and X,i1 =z, if 0, ¢80,

where it is assumed that the family of Markov transition probabilities { Py, 0 € ©} and the field H satisfy
the following conditions :

(A2) For any 6§ € O, the Markov kernel Py has a single stationary distribution 7y, m9Py = m. In
addition H : © x X — © is measurable, for all 0 € ©, [, |H(0, x)|mg(dz) < oo.

The existence and uniqueness of the invariant distribution can be guaranteed under classical irreducibil-
ity and recurrence conditions (see e.g. [26, Chapter 9,10]). We denote h(f) := [, H(0,z)mg(dx)
the mean-field associated to this stochastic approximation procedure and deﬁne the noise sequence
{&n = H(0n-1,Xn) — h(0p—1)}. Following [5], we will often write Hy(x) as an equivalent expression
for H(0,z), hg for h(0), etc...

We denote F = {F,,n > 0} the natural filtration of this Markov chain, with .7-'n = a(( 1, 00),1
{0,...,n}) and P? , the probability measure on the canonical space (X x ©)N (B(X) 0))®N) gener-
ated by the non- homogeneous Markov chain {Y,°} started from the initial COHdlthHS (Xo, 0o) = (z,0) €
X x © and using the sequence p. Finally it will be useful in the sequel to introduce {Q,, } the sequence
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of transition probabilities that generates the inhomogeneous Markov chain {Y,?}, where for p > 0, @Q,, is
defined for any (z,0) € X x © as,

Q,(.6: A x B) — /A Po(@, dy)do 0. (B), A€ B(X),B € B(6).

3.2. Homogeneous chain. Let {K,, ¢ > 0} be a sequence of compact subsets of © such that

UKs=6, and K, Cint(Kys1), ¢>0, (3.2)

q=0

where int(A) denotes the interior of set A. Let v = {7;} and € = {ex} be two monotone non-increasing
sequences of positive numbers and let K be a subset of X. Let & : Xx© — Kx K be a measurable function
and ¢ : ZT — Z be a function such that ¢(k) > —k for any k. Our stochastic approximation algorithm
with adaptive truncation sets is defined as an homogeneous Markov chain on Z:=X x O x N x N x N

{Zn = (Xn79na Kn, Sn, Vn)} € ZNv (33)

with the following transition at iteration n + 1,

e If v, =0, then draw (X, 11,0p41) ~ @, (P(Xp,0,);); otherwise draw (X, 11,0n41) ~ Q. (X, 0n; ).
o If |0,41 — 0n] < e, and 6,41 € Ky, , then set: Kny1 = Kn, Sny1 = sn + 1 and vyp1 = vy, + 1
otherwise, set v, 11 =0, Kpt1 = Kn + 1, Sn1 = S + 0 (V).

In words, k, ¢ and v are counters: x is the index of the current active truncation set; v counts the
number of iterations since the last reinitialization; ¢ is the current index in the sequences {7, } and {e,},
and therefore defines the current proposal kernel Q. The event {v,, = 0} means that a reinitialization
occurs and the condition on ¢ ensures that the algorithm is reinitialized with a value for -, smaller
than that used the last time such an event occurred. This algorithm is reminiscent of the algorithm
with adaptive truncation sets proposed in [11], [10]. When the current iterate wanders outside the active
truncation set or when the difference between two successive values of the parameter is larger than a
time-dependent threshold, then the algorithm is reinitialised with a smaller initial value of the stepsize
and a larger truncation set. Various choices for the function ¢ can be considered. For example, the choice
¢(k) =1 for all k € N coincides with the procedure proposed in [10]: in this case ¢, = n. Another sensible
choice consists of setting ¢(k) =1 — k for all k£ € N, in which case the number of iterations between two
successive reinitialisations is not taken into account.

The intuitive motivation for this modification of the original stochastic approximation recursion lies
in Theorem 2.2. Indeed, in order to ensure the stability of the algorithm it is required that the sizesteps
be not too large and that the average effect of the noise be small in order for the drift A(6) to dominate,
and confine the recursion to a compact set. The reprojections act as a -drastic- drift towards the center
of © when {6,} grows too rapidly and allow one to reinitialize the algorithm with a smaller sizestep
and weaker noise inside a “ring” of the type {# € © : w(0) € (Mo, Mi1]} (Mo and M; are defined in
(A1)) where the drift is strictly positive. The fact that My and M; are unknown a priori is the reason
for the adaptive truncations, which ensure that one eventually selects K, large enough in order to have
LNKy # 2. As we shall see the limitation imposed on the increments of the sequence {6, } is required
in order to ensure some type of homogeneity of the chain {£,}, and therefore ergodicity properties of the
noise sequence {&, }.

In the light of this heuristic, one can naturally propose many variations on this theme. We suggest
here two possible extensions. First one can suggest other strategies in order to adapt the magnitude of
the sizesteps. Let {7y, 7 > 0,1 > 0} be an array of stepsizes. Then, when a reprojection occurs, instead
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of jumping forward in a unique sequence of stepsizes, it is possible to simply change the sequence of
stepsizes, from say [ to [+ 1. Another interesting variant of the proposed scheme consists of reinitialising
the algorithm when |6,, — 0,,_1| > €., _, without changing the truncation set. In either cases the proof of
convergence follows using the same type of arguments as those presented in this paper.

We now introduce some further notation and briefly state our main result. For p a probability on
Z, we denote P, (resp. E,,) the probability (resp. the expectation) on the canonical space (ZV, B(Z)®N)
associated to the Markov chain {Z,,} with initial distribution u. For z € Z we set P, := Ps_, E, := Es_and
for (z,0) e X x ©

Pro:=Prp000 and E;p:=E; 0000 (3.4)

This probability measure depends upon the deterministic sequences v = {v,} and € = {¢,}; this will
be implicit hereafter in order to alleviate notation. We define recursively {7T,,n > 0} the sequence of
successive reinitialisation times

Tni1 =inf{k>T,+1, v, =0}, with Tp =0, (3.5)

where by convention inf{()} = co. In the following sections we prove that under (A1), some regularity
conditions on the family of transition probabilities { Py, 8 € O} and the sequences v and € then

inf Poo[supk, < o0 = inf P, T, =00} | =1,
(z,0)EKX Ko -0 (@I()) ) (z,0)EKx Ko -0 <nL—Jo{ }>

i.e., the number of reinitializations of the procedure described above is finite I@m’g—a.e., for every (z,0) €
K x K. Convergence will then follow using Theorem 2.3 for example.

4. Bound on P, ¢(T,, < o). In this section we establish in Proposition 4.2 a bound on P, 4(7}, < 00)
in terms of the fluctuations of the noise sequence of the algorithm between successive reinitializations.
Let K be a compact subset of © and let € = {€,} be a non-increasing sequence of positive numbers. We
introduce

o(K,e) =a(K)Av(e), oK)=inf{k>1,0, ¢ K}, and wv(e)=inf{k>1,|0r — k1| > €},

and for a sequence a = {a;} and an integer [, we define a~! = {a; '} as a; ' = ax;. We now prove

the following lemma, which relates the expectation of the homogeneous Markov chain {Z,} defined in
Subsection 3.2 to the expectation of a non-homogeneous Markov chain {Y,?} defined in Subsection 3.1,
for a particular p.

LEMMA 4.1. For any m > 1, for any non-negative measurable function ¥, : (X x @)™ — R¥_ for
any integers p and q, for any x,0 € X X ©,
— —q

Ex,@,p,q,o [‘Ilm(Xh 91, ey Xy Hm)]]-{lem}] = Eg(%g) [\I’m(xla 917 R, ¢ em)l{o(le,qu)zm}] . (41)

Proof. We proceed by induction. Let ¥; : Xx© — R*. We notice that 1¢7,>1; = 1. This, combined
with the definition of E; g 5.4,0, leads to

Ee,0.p.0.0[¥1(X1,01) 17y >13] = Qy, ((,0); U1), (4.2)
and by definition
E ) [P1(X1, ) Lok, cm0)21)] = Qn, (B, 60); 1), (4.3)
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Now assume that the property is true for some m > 1. It is sufficient to prove the induction for functions
U, 41 of the form

lII’ITL+1(:'E17 917 ... vxm+179m+1) = wm+1(xm+179m+l)\llm(xla 017 .o 7mm79m)7 (44)

with ¥, @ X x © — RT. In order to alleviate notation we will often write ¥, (resp. ) for
U, (21,601, Zm, Om) (resp. ¥ (Tm,0m)) in what follows. Consider

Em,G,p,q,O[\Pm+1(Xla 017 ey Xm+17 0m+1)]1{T1 2m+1}] =

B 0.9,0,0[Vm+1¥Ym {1 >my Lo ek, 1{10m—0m 1<, 1) (4:5)

Now, by definition of the stopping time 77, we have

L46,, €K, 1 1100 =00 1 ]<ec, Y L{Ti >m} = L0, €00 1100 —0m 1] <ecyim} L{T1 >m}

= 140, €600} 1410 — 01 1<eeg tm} H{o(Kge—50) >m} >

from which we may deduce, using the induction assumption, that

Ee.0,p,¢,0[ Y1117, >m+1}]
=F0.0..0.0 [Ez.0.p.0.0[m+11Xm, O, K S Vi) 10,60, 1 1410001 | <ec, } P 1 {1y >m} ]
= Eu.0,9.0.0 [Quasmss (KX O Yt 1) 10,0 €6, {10,011 <o} T L1 >m) ]
= B30y [Qrasmss X O Yt 1) L {0,086, L1600 1< g} T L {06, = 0)2m) ]
=B ) Qg s Xoms Omi ¥ s1) Wi Lo 1, e ) 2me+13 )

“—q
=Eg(p0) [Ymt1l{o(c, cn>m+1}] -

which concludes the proof. O

Define, for any compact set K C 0, € = {ex}, p = {pr} and 1 <! < n the partial sum

Sl,n<6a P; K:) = ]]-{U(K,E)Zn} Zpk<H<ek*17Xk) - h(ekfl))a (46)
k=l

and for any § > 0 and any M € (M, M;],

A(b,€, M, p) := sup sup {]P’g(m 0) {sup |S1,k(€, p, War)| > 5] +PE 0 V() < J(WM)]} , (4.7)
ey zeK ’ k>1 ’

where Ky is defined in Eq. (3.2), Was, My and M; are defined in (Al).

PROPOSITION 4.2. Assume (A1) and that Ko C Wy, (where My is defined in (A1)). Then for any
M € (Mo, My] there exist an integer ng and a constant §o > 0 such that, for any n > ng, we have

n—1
sup P, [T, < o] < H sup A(bo, €™, M,~v79),
(z,0)EKx Ko 1=np 121

where T, is defined in Eq. (3.5).
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Proof. By Theorem 2.2, for any M € (Mj, M;] there exist constants dp > 0 and A9 > 0 such
that, for all g € Wiy, (where My is defined in (Al)), all integer m > 1, all sequences {pj} of non-
negative real numbers and all sequences {¢.} of ng-dimensional vectors satisfying sup; <j<,, px < Ao and

SUPy <f<m ’Z?zl pjfj‘ < g, we have sup; <y, w(0r) < M, where 0y, = 01 + prh(0r) + pré-

Now, choose ng such that Wy C K, and v,, < Ao, where Ag is given in Theorem 2.2. The existence
of such a ng follows from (i) for all M € (My, M;], the level set Wy, is compact and U;OZO Kp is an
increasing covering of © (ii) v, | 0 as p — co. We notice that for any { > 0

T =T +Tyorh, (4.8)

where 7 denotes the shift operator on the canonical space associated to the chain {Z,}. Consequently,
by the strong Markov property

PoolTi1 < 0] = Byp [Lim<oyPrs, (T1 < o). (4.9)
Using Lemma 4.1, we have
PZTZ {Tl < OO}]l{Tz<OO} = O(XTz 01,1, gTz)IL{Tz<oo}v
where, for any z,6 € X x © and any integers p and gq,
C(SL', 97pa q) = ]P)?{);(;r,e) (J(’va EHq) < OO) .
Now, for p > ng, we have Wy, C K,,, C K,,, showing that for any z,0 € X x © and integers p,q > no,
Cla,60,p,q) < By [o(War) A (™) < o]

< Pg(a;,e) [eWhr) < 0o,e6(War) <v(e )]+ P;(m,e) [v(e™) < o(War)].

By Theorem 2.2, for any integer m > 0 and any integer g > ng, we have
{oWpn) =m,m <v(e™9} C { sup St e(e™L YT W) > 50} ,
ke{l,...,m}

which implies that for any x,6 € X x ©, any | > ng and any ¢ > ng
C(ZL’, 07 l7 q) S szzqg) (Sup |S1,k(e‘7qﬂ ,.)/—q, WM)| > 50) +]PJ3;Z:0) (V(qu) < U(WM)) S A(507 Equ M7 ,}/—q)
)\ >1 .

Combining the results above, we have, noting that ¢r, > [,

PZTZ [Tl < OO] ]]-{Tl<oo} < A(éo,e(_ch 7M7’7(—§Tl>]]-{TZ<OO} < SU.I;A((SO,f(_q,M, 7(_(1)]]-{T1<oo};
q2

the proof now follows from a straightforward backward induction using Eq. (4.9) for [ = ng,...,n —1
and n > ng. O

COROLLARY 4.3. Assume (A1) and that Ko C Wy, (where My is defined in (A1)). Then for any
M € (My, M;] and n > ng, there exists a constant C' < oo such that for any m > n,

If”x,a [SUp Kl > m} <C (SUPA((so,e‘_q,M, ,y<—q)> ’

k>1 q>n
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where {ky} is the counter corresponding to the number of reinitialisations defined in Eq. (3.3).

Proof. We have

{supf-@k > m} C{T,, < oo}
k>1

and consequently

m—1
ED:J{:,G (Sup Kk Z m> S ]px,@ (Tm < OO) S H SUPA(50a €<—q7 M7 ’7(_(1)
k>1 I=ng q>l

n—1 m—1 m
< H sup A(dp, €™, M, ~79) H sup A(dp, e, M,~v79) <C (supA(dO,qu,M,’qu)) . (4.10)

o g>no q>n q>n

l=n l=n

In the next section we derive conditions on the family of Markov kernels {Py,0 € O} and on the
sequences € = {e,} and ¥ = {v} which ensure that sup,,, A(do, €%, M,¥~9) < 1 for n large enough.
It should be emphasized here that this involves studying only the fluctuations of the canonical “interpro-
jections” processes, i.e. {Y,P} for p =~ To 4T T2 .

5. Control of the fluctuations. Our aim is now to find a bound for A(d, €, M, p) defined in Eq.
(4.7), which requires the following conditions to hold. Define, for V : X — [1,00) and g : X — R™ the
norm

j9(a) o)

gllv = sup :
Il zex V(z)

Consider the following assumptions

(A3) For any 0 € O, the Poisson equation g — Ppg = Hy — mp(Hy) has a solution gy. There exist a
function W : X — [1, 00| such that {x € X, W(x) < co} # 0, constants « € (0, 1], p > 2 such that
for any compact subset K C O,

(i)

sup ||Hp|lw < oo, (5.2)
oek
sup ([|lgellw + [ Pagellw) < oo, (5.3)
oek

sup |0 — 0|7 {llgo — go' lw + || Pago — Porgo' |l w} < oo. (5.4)
(0,0")eK

(ii) there exist constants {C,k > 0} such that, for any & € N, for any sequence p = {px} and
for any x € X,

Su}éEgﬁ[Wp(Xk)]l{o’(lC)Zk}] < CpWP(x), (5.5)
c

(iil) there exist e > 0 and a constant C' such that for any sequence p = {pi} and for any = € X,
zug EL oWP(X3) o) rve k)] < CWP (). (5.6)
€

where

ve =1inf{k > 1,|0; — Or_1| > €}. (5.7)
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Assumption (A3) states the existence and the regularity of the solutions of Poisson’s equation for the
family of transition kernels {Py,0 € ©}. The conditions stated above are non primitive; a set of more
tractable conditions implying (A3) are given in Section 6. Poisson’s equation has proven to be fundamental
to the analysis of additive functionals of Markov chains, in particular for establishing limit theorems such
as the (functional) central limit theorem (see e.g. [5], [27], [26, chapter 17], [19], [16]); The existence of
solutions to Poisson’s equation is well established for geometrically ergodic Markov chains (see [27], [26,
chapter 17]); it has been more recently proven under assumptions weaker than geometric ergodicity (see
[19, Theorem 2.3]); the regularity of the solution of Poisson’s equation has been studied, under various
ergodicity and regularity conditions on the mapping 6 — Py by [5], [4]. We stress here on the fact that
the function W is global but that the bounds in Egs. (5.2), (5.3), (5.4), (5.5) and (5.6) depend on the
particular compact C under consideration. We have

LEMMA 5.1. Assume (A3). Let K be a compact subset of © and s € N. There exists a constant C
such that for any sequence € = {e,} satisfying 0 < e, < € for all k > s (where € is defined in (A3-iii)),
for any sequence p = {pr} and for any x € X,

supsup B 5 [WP(Xi)1io(c,e)2k}] < COWP(2).
€K k>0

Proof. Under (A3), there exists a constant C' such that, for any sequence p = {p;} and any = € X
we have

sup EL o WP (Xi) Lio(k)nve>ky] < CWP ().
€

where v, is defined in (5.7). For any sequence € = {¢} such that €, < € for any k > s,
Ef o [WP(Xkt5) Lo (k) Av(e)> kts}]
= B2 [ES 0, WP (X0) Lioopmvte— 2 Lio(ynvierzs |

<E?, {Sg)}é]ES)(:S@[Wp(Xk)]l{a(lC)/\VeZk}]l{U(K)ZS}]}
< CEL 4 WP (X)L o (k)>53)s

and the proof is concluded by (A3). O

PROPOSITION 5.2. Assume (A3). Let KC be a compact subset of © and let p = {pr} and € = {ex}
be two non-increasing sequences of positive numbers such that limy_, o €p = 0. Then, for p as defined in

(A3),
1. There exists a constant C such that, for any (x,0) € X x K and any integer I, any 6 > 0

0o p/2 0o P
P2 (su>1? |S1n(€, p, )| > 5) <CsP <Z pi) + <Z pkeg> WP(z). (5.8)
n k=1 k=1

2. There exists a constant C such that, for any (z,0) € X X IC ,

Py (v(e) <o(K)) <C {Z(eklpk)”} WP(z). (5.9)

k=1
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The proof is in Appendix A. We finally need a condition on the stepsize sequences which will ensure that
A6, €79, M, p~1) — 0 when g — oo.

(A4) The sequences v = {74} and € = {€x} are non-increasing, positive, and satisfy, > ro vk = 00,
limg o € = 0 and

> {7+ wmer + (6 )"} < oo,
k=1

where p and « are defined in (A3).

For instance, we may assume that Y, <,y = 0o and > e ;79 < oo for some 1 < § < p(1+ a)/(p + ).
Then, (A4) is verified by setting e, = C; for some constant C' and some 7 such that
6—1 p—20

— <N —.
«@ p

It is now straightforward to establish the following results:

PROPOSITION 5.3. Assume (AS3) and (A4). Then, for any subset K C X such that sup,cx W(z) < 00
any M € (Mo, M) and any 6 > 0 we have limy,_,o, A(5,e%, M,vF) = 0, where A(6,€, M, p) is given
by Eq. (4.7).

We may now summarize the discussion above to obtain the following stability result.

THEOREM 5.4. Assume (A1) to (A4). Then, for any subset K C X such that sup,cx W(z) < oo,
Ko C Wiy, (where My is defined in (A1)) and any p € (0,1), there exists a constant C < oo such that,
for all (z,0) € X x ©,

Pw,@ |:Sup Kn 2 k:| < Cpk
n>1

Hence, under the stated conditions, the tail probability of the number of reinitialization decreases faster

than any exponential and sup,,~ fp is finite I@xﬂ—a.s. Combining this result with Theorem 2.3, it is
possible to obtain the following global convergence result.

THEOREM 5.5. Assume (A1) to (A4). Let K C X be such that sup,cx W (x) < oo and that Ko C Way,
(where My is defined in (A1)), and let {Z,} be as defined by Eq. (3.3). Then, for all (z,0) € X x ©, we
have limy_, oo d(6x, £) =0, Py g-a.s.

Proof. Define, for k > 1,

n

By =limsup sup |Lgueryy Y. Y, (H(05-1,X;) = h(6;-1))| Lin_,<oc}s

l—moo Tr_1+I<n G=Tp_141

where ¢; and T}, are defined in Section 3. We first show that, for any k and any § > 0, P, ¢(|Bx| > 6) =0
for all (z,0) € X x ©. We have, by the strong Markov property and the definition Eq. (4.6) that for { > 1

n

P sup | Lineryy Z Vo, (H(05-1, X5) = h(0-1))| Li7 y<oc} =6
Tir_1+1<n J=Tr_1+1

< ]EJC,Q {CZ(Xkal 01,150, Ki—1, ng—l)]]‘{Tk—1<OO}} )
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where for any x,0 € X x ©, any § > 0, any set L C © and any integer g,

Ci(,6,8,K,q) =Y,y (sup |Stn (€797 K)| = 5) .
’ l

n>

By Proposition 5.2, for any compact subset I, there exists a constant C such that, for all ¢ > 0,
p/2 P
oo (oo}
sup  Ci(,0,0,K,q) <C6P DY 7 |+ Dowed | oo
(z,0)EXxO =l j=l

which implies that, for all £ > 0, P§,0(|Bk| > 0) = 0. Corollary 4.3 and Proposition 5.3 show that, for all
(x,0) € K x Ko, k = supy, k < 00 Py g-a.e. Set, for k>0, 0 = Opsr, |, Y = Veter, and

& = HOp—1, X1, ) — h(Or—1), k>1.

Then, 0 = 0x_1 + Yuh(0x_1) + 1€ and, since T}, = oo, for all (z,6) € K x Ko,

n

D W

k=l

lim sup sup =B,=0, P,g—ae.

l—oo n>l

The proof follows from Theorem 2.3. O

6. Drift conditions. In this section, we give conditions which imply (A3) in terms of a minorisation
of the Markov kernel on a small set and a drift condition toward this small set (see [26] for the definitions
and main results). Denote, for V : X — [1,00), Ly 1= {g : X = R™ sup,x ||gllv < oo} where || - ||y is
defined in Eq. (5.1).

(DRI) For any 6 € ©, Py is t-irreducible and aperiodic !. In addition there exist a function V : X —
[1,00), constants p > 2 and g € [0, 1] such that for any compact subset K C O,
(DRI1) there exist an integer m, constants 0 < A < 1, b, k, § > 0 and a probability measure v such

that
Slelllé Pj'VP(z) < AVP(x) + blc(x), (6.1)
2161}3 PyVP(z) < kVP(x) Vo € X, (6.2)
enellfc Pyt (x, A) > dv(A) Ve e C, VA e B(X). (6.3)

(DRI2) there exists C such that, for all z € X,

sup |Hy(z)] < CV (z),
e

sup |0 — 0| 77| Hy(x) — Hy: ()| < CV ().
(6,6")ek
(DRI3) there exists C such that, for all (0,0") € K x K,
1Pog = Porgllvy < Cligllv 10— 017 Vg € Lv, (6.4)
1Pog = Porgllve < C llgllve |0 =017, Vg € Ly».

1We use in this article the standard terminology and the notations introduced in [26, Chapter 4,5]
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Assumption (DRI1) is classical in the Markov chain literature; it implies the existence of a stationary
distribution 7y for all # € © and VP-uniform ergodicity, i.e. for each 6 € © there exist constants Cyp < 0o
and pg € [0,1), such that for any function f € Ly» and any integer k > 0

125 f = mo(f)llve < Copgll fllve-

Note that the constants Cp and pp may be bounded over the compact sets of ©, i.e. for each K C O,
there exists C' < oo and p € [0,1), such that supycxc Co < C and supgey po < p. The regularity of the
kernels § — Py expressed in V' and VP norm is naturally less classical. The main result of this section is:

PROPOSITION 6.1. Assume (DRI). Then (A2) and (A3) are satisfied and for any 0 < a < 3,

sup |0 —0' |7 |h(0) — h(0")| < . (6.6)
(0,0 €K XK

The proof is in Appendix B.

7. Controlled MCMC algorithm. Markov chain Monte Carlo (MCMC), introduced by [25], is
a popular computational method for generating samples from virtually any distribution 7 defined on
a space X C R" (for some integer n,). The method consists of simulating an ergodic Markov chain
{X,,n > 0} on X with transition probability P such that 7 is a stationary distribution for this chain, i.e
P = 7. The generated samples can then be used in order to estimate integrals of the type

www=L¢mwwm,

for some m-integrable function v : X — R™¥, for some integer n,, using estimators of the type

1 n
Sn(¥) = — > (X). (1)
k=1

In general the transition probability P of the Markov chain depends on some tuning parameter, say 6,
defined on some space © C R™ for some integer ng, and the convergence properties of the Monte Carlo

averages in Eq. (7.1) might highly depend on a proper choice of this parameter.

We illustrate this here with the classical Metropolis-Hastings (MH) update, but it should be stressed
at this point that the results presented in this paper apply to much more general settings. The MH
algorithm requires the choice of a proposal distribution q. In order to simplify the discussion, we will here
assume that 7 and ¢ admit densities with respect to the Lebesgue measure A", denoted with an abuse
of notation m and ¢ hereafter. The role of the distribution ¢ consists of proposing potential transitions
y for the Markov chain {X,}. Given that the chain is currently at x, a candidate y is accepted with
probability a(z,y) defined as

m(y) q9(y,x) .
oz, y) = IN ey i a(@)g(z,y) >0
1 otherwise,

where a A b := min(a, b). Otherwise it is rejected and the Markov chain stays at its current location x.
The transition kernel P of this Markov chain takes the form for z, A € X x B(X)

P(z,A) = [Aa(myy)q(x,y)ALeb(dy)+11A(x)/x(1 — afz,y))q(z, y) =" (dy). (7.2)

The Markov chain P is reversible with respect to 7, and therefore admits 7 as invariant distribution.
Conditions on the proposal distribution ¢ that guarantee irreducibility and positive recurrence are mild
and many satisfactory choices are possible.
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7.1. Symmetric random walk MH. We focus here on the symmetric increments random-walk
MH algorithm (hereafter SRWM), which corresponds to the case where ¢(x,y) = g(z — y) for some
symmetric probability density ¢q. Other examples are considered in [2]. The transition kernel of the
SRWM algorithm is then given for x, A € X x B(X) by

P (z, A) = /

- <1 A ”(“Z)) q(z) \=P (dz)+

7(x)

Ta(z) /Xim (1 - (1 A ”(:(;Z)» q(2) \FP(dz), xe X, AcB(X), (7.3)

where A—x :={z € X,xz+2 € A}. A classical choice for the proposal distribution is ¢ = ¢¢ r, where ¢, r
is the density of a multivariate normal distribution with mean p and covariance matrix I". We will later
on refer to this algorithm as the N-SRWM. It is well known that either too small or too large a covariance
matrix will result in highly positively correlated Markov chains, and therefore estimators Sy, (1) with large
variance. In practice this covariance matrix I' is determined by trial and error, using several realisations
of the Markov chain. This hand-tuning requires some expertise and can be time-consuming.

In order to circumvent this problem, in the context of the N-SRWM update described above, [20]
have proposed to “learn I" on the fly”. Their algorithm can be summarized as follows (see [20])

1 = fn + Y1 (Xng1 — pin) n=>0 (7.4)
Fn+1 = Fn + "Yn+1((Xn+1 - ,LLn)(Xn+l - ,Ufn)T - Fn)a

where

® Xuq1 is drawn from Py, (Xy,-), where for § = (u,T), Py := PZFY with A > 0 a constant
scaling factor depending only on the dimension of the state-space n, and kept constant across
the iterations,

e v = {y,} is a non-increasing sequence of positive stepsizes such that > > 7, = oo and
>oo? L9 < oo for some § > 0 ([20] have suggested the choice v, = 1/n).

It was realised in [3] that such a scheme is a particular case of a more general framework akin to stochastic
control, combined with the use of the Robbins-Monro procedure. More precisely, let § = (u,T) € ©, where
© :=R" x C}* and C!" is the cone of positive n, x n, matrices, then

H(z;0) = (¢ — p, (z — p)(z — )" = T)". (7.5)
With this notation, the recursion in Eq. (7.4) may be written in the standard Robbins-Monro form as
0n+1 = Qn + ’}/n+1H(Xn+1, Gn), n Z 0, (76)

with X, 11 ~ Py, (X,,,-). For the present example, assuming that [} [z]*7(dz) < co, one can easily check
that

ho) = /x H(x, 0)m(dz) = (m — 1o (i — 1) (st — 1)+ T'p — D), (7.7)

with p, and I'; the mean and covariance of the target distribution. It is assumed in the sequel that I';; is
positive definite. We now analyze the corresponding homogeneous Markov chain {Z,,,n > 0} as defined
in Section 3, i.e. prove under mild conditions on 7 that (A1)-(A3) are satisfied.
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7.2. Condition (A1l). In the algorithm described above the parameter estimates p,, and I';, take
the form of maximum likelihood estimates under the i.i.d. multivariate normal model. It therefore comes
as no surprise if the appropriate Lyapunov function is

()
wu,F:—/log( >7rd3:, 7.8
(1, ) s or () (dz) (7.8)
the Kullback-Leibler divergence between the target density = and a normal density ¢o.r.

PROPOSITION 7.1. Let h be as defined in Eq. (7.7) where 7 satisfies (M). Then (A1) is satisfied with
w as in Eq. 7.8. Furthermore L is reduced to a single point, 0, := (fix,'r).

Proof. h is naturally continuous (and as we shall see later is in fact Lipschitz continuous under (DRI)
from Proposition 6.1). Now w is equal, up to multiplicative and additive constants, to

log detl’ + (1 — 1) 'T ™ (1t = pir) + Tr(D 7 T (7.9)

Using straightforward algebra, one can show that there exists a constant C' > 0 such that

C{Vw(p,T), b T) ) = =20 = ) T g1 = i)
— TN =TT T = T0)) = (1 = ) T (i = ), (7.10)

that is <Vw(0),h(6)> <0 for any 6 = (4, ') € O, with equality if and only if I = 'y and y1 = pn. As
w(0) = [w(pr,'x),00) and w is continuous, any w(p.,['x) < My < M; < oo satisfy (Al-i) and (Al-ii),
and (Al-iii) is automatically satisfied. Now as the set of stationary points £ is reduced to a single point,
(Al-iv) is also satisfied. O

7.3. Condition (A3). In order to check (A3) in this case, we check (DRI). The geometric ergodicity
of the RWMH kernel has been studied by [29] and refined in [22]; the regularity of the RWMH has, to
the best of our knowledge, not been considered in the literature. The geometric ergodicity of the RWMH
kernel mainly depends on the tail properties of the target distribution 7. We will therefore restrict our
discussion to target distributions that satisfy the following set of conditions. These are not minimal but
easy to check in practice (see [22] for details).

(M) The probability density m has the following properties:
(i) It is bounded, bounded away from zero on every compact set and continuously differentiable.
(ii) It is super-exponential, i.e.

lim <x,Vlog7T(x)> = —o0.
|z|—+o00 |£C|
(iii) The contours 0A (x) = {y : m(y) = 7(x)} are asymptotically regular, i.e.
_ x Vr(z) >
lim sup( —,—=———= ) <0.
jel=rtoo < o] [V @)

Note that this condition implicitely implies the existence and finiteness of p, and I';. We now establish
uniform minorisation and drift conditions for P;™ defined in Eq. (7.3). Let M(X) denote the set of

probability densities w.r.t. the Lebesgue measure A", Let ¢ > 0 and § > 0 and define the subset
IC575 C M(X),

Kse ={q€ M(X),q(z) =q(—z) and |z|<e=q(z)>4d}. (7.11)

PROPOSITION 7.2. Assume (M). For any n € (0,1), set W = n—"/(infx 7="). Then,
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1. Any non-empty compact set C C X is a (1,6 )-small set for some 6 > 0 and some measure v,

V(z, A) € Cx B(X) ir;%f P (x, A) > ov(A). (7.12)
qeER s,
2. Furthermore, for any 6 >0 and € > 0,
li B W) <1 (7.13)
sup limsup ———————= , .

qELs,e |x|—+00 W(I)

PSRWW
sup qi(x) < +o0. (7.14)

(z,9) EXXKs,e W(l’)

3. Let q,q¢' € M(X) be two symmetric probability distributions. Then, for any r € [0,1] and any
g € Ly~ we have

P79 = Pyl < 2llgllyy- /X la(2) = ¢’ (2)[A"" (dz). (7.15)

Proof. For any x € X, define the acceptance region A(z) = {z € X — z;7(x + z) > 7(x)} and the
rejection region R(z) = {z € X — x;7(z + 2) < w(z)}. From the definition (7.11) of s [29, Theorem
2.2] applies for any g € Ks. and we can conclude that (7.12) is satisfied. Noting that the two sets A(x)

and R(z) do not depend on the proposal distribution ¢ and using the conclusion of the proof of Theorem
4.3 of [22] we have

inf liminf / q(2)AP(dz) > 0
qEKs e |z|—+00 Az)
so that from the conclusion of the proof of Theorem 4.1 of [22],
PSRWW
sup limsup LG =1— inf liminf / q(2)AP(dz) < 1
4€Ks.c || —too W I(T) 4€Ks, o] —+o0 Ja(a)

which proves (7.13). Finally, for any q € s,

FOWE) [ me k), et me ) e
) _/A@) O q(2)A (d)+/R(w) (1 @ e )q( )N (dz)

< sup (L—u+u'""),
0<u<1

which proves (7.14). Now notice that
By gla) — Py g(z) = / a(w,x+ 2)(q(2) = ¢'(2)g(x + 2)A (dz2)+
X

@) [ ale.o+2)(d () - aG)NC(E2)
X
We therefore focus, for r € [0,1] and g € Ly, on the term

|y a(z, 2+ 2)(a(z) — ¢'(2))g(@ + 2) AP (dz))| fx a(z, @ +2)|q(2) — ¢'(2)| W' (x + 2) AL (dz)
lglwr Wr(z) W (z)

_/Am )14 ) (d)+/R(x) i 4E) — 4 (@A)
= ./x la(2) = ' (2) X" (d2).
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We now conclude that for any z € X and any g € Ly,

PSR () — PSRW (¢
ik g(;”(mf <2l [ la2) - @)

One can specialise the regularity property (7.15) to the N-SRWM, where the proposal distribution
go is a zero-mean normal distribution with covariance matrix I', and for simplicity we set gr := ¢o.r.

LEMMA 7.3. Let K be a convex compact subset of C* and set W = 7= "/(infx m)~" for some
n € (0,1). For anyr € [0,1], any T, T" € K x K, g € Lyr, we have
PSRW PSRW < 2’/13;
ar 9~ 9 wr = A

‘ qr/ min (]C)

where Amin (K) is the minimum possible eigenvalue for matrices in K.

Proof. We have
[ lar(a) - ar @z = [
X X

and let T', =T 4+ o(I” = T), so that

gl T =TI, (7.16)

'da
— r_ dv|d
/0 dv‘]F-{-v(F r)(Z) v|az

d 1 _ _ _
- log aror-1)(2) = —5Tr LN (I =T) + T, 22T, (I =T

and consequently

J

where we have used the following inequality,

1
n
dz < T — r|/ D do < — 21" — T,
0 )‘min(’C)

Ld
/0 %QFJru(FuF)(Z)dU

|Tr[T, t22"0, 1 (T = 1)) < [T = T|Te[T, T, L 22T).

COROLLARY 7.4. For any compact subset IC of Cl*, there exists C < oo such that

Pivg = Pyl < Cllglly 0~ T (7.17)

qr/

7.4. Convergence of the adaptive MCMC algorithm. The main result of this section is:

THEOREM 7.5. Let m € M(X) satisfying (M). Let {Z,} be the homogenous Markov chain be defined
as in Section 8, with H as in Eq. (7.5), Py := P for some A > 0 with 6 = (u,I) € @ =R" x C=,

K a compact set, and v = {v,} and € = {e,} satisfying (A4). Then, (A1) to (A3) are satisfied for any
Ko and 0, — 0, w.p. 1, where 0 := (pr,'x) is the unique stationary point of {60, }.

Proof. (A1) is implied by Proposition 7.1. (A2) is satisfied by construction of Py, from (M) and the
definition of H in Eq. (7.5). Now we prove that (DRI) is satisfied. Choose VP =W = 7" /infx 7" for



22 C. ANDRIEU, E. MOULINES, P. PRIOURET

p > 2 in Proposition 7.2: then (DRI1) and (DRI3) are satisfied. Now (DRI2) is satisfied since from Eq.
(7.5)

|Ho(x) — Hor ()| < | — p'{1 + [+ 1| + 2][} + T = T, (7.18)
and ||z||w + |||=|?|| < oo from (M). Theorem 5.5 now applies.

|

This result is an important step for the study of the asymptotic properties of {S,} in [2], in particular
the proof that {S,} satisfies a central limit theorem.

8. Acknowledgements. The authors would like to thank Stas Volkov and Sumeetpal Singh for
their careful reading of parts of the paper and their helpful comments.

Appendix A. Proof of Proposition 5.2. Denote

D(e, p, K, ) = supsup Ef o [W?(Xi) 1 (o(10) rv(e) 2k} ]
k>1 0K

We first consider the case [ = 1. Denote

Z (9001 (Xk) = Poy_1 9001 (Xi)) Lio()Av(e)>k}s

Using Lis(c)av(e) >k} = L{o(K)av(e)>k+1} T Lio()Av(e)=k}, We may write T), = PO T where

T =" i (90, (Xk) = Poy_ 96, (Xk-1)) Lio(c)rvie)=h}» (A1)
k=1
n—1

T =" prr1 (Po, 90, (Xk) = Po_, 90, (X1)) Lio()av(e)zh+1}s (A-2)
k=1
n—1

T3 = Z(Pk+1 — k) Po, 1 901 (Xk) Lio(x)Av(e)>k+11 (A.3)
k=1

T = plPeogeo(Xo) Lio(onv(ez1} = PnPo, 190, (Xn) Lo()av(e)2n}» (A-4)

) Z kP@k 19651 Xk) ]I{U(IC)/\V(e) k}- (A5)

k=1
We now evaluate bounds for T,(f)7 i =1,...,4. In the sequel C denotes a constant which depends only

upon the compact set K through the quantities defined in the assumptions and whose value may change
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upon each appearance. We have

sup Ef . |sup 7
ek 77 [n>0

supEf  |sup T2
oec " Ln>0

supEf  |sup TG
pek 7 [n>0

sup Ef  |sup [TV
ek 7 [n>0

s p/2
<C (Z Pﬁ) sup sup BY o [WP(Xp) 1o (c)av(e)2k}] (A.6)
P 0eK k
IS p
<C (Z p,ﬁj) supsup E? 5 [WP(Xp)1io(c)rv(e)2k} ] 5 (A7)
— 9ek k
< Cplsupsup EY ) [WP(Xi)Liogoynu(e)=y ] » (A-8)
oek k
00 p/2
<C (Z pi) supsup Ef [(WP(Xk) Lio(c)Av(e) >k} ] - (A.9)
Pt 9ek k

The proof of these inequalities can be adapted from [5, Part II, Section 3.2] - see also [4], Chapter 6,

Lemma 6.2-6.4.

Proof of (A.6). Under (A3),

SHEE;),G [(‘gﬁk (Xk+1)|p + ‘Pekgak (Xk+1)|p)]1{a(lC)/\V(e)Zk+l}} < CD(G, pJC,x).
€

Since

E? 5 [(90, (Xx11) = Po, 90, (X)) Lo nv(e) 2 hr1} | Frl =

(Po, 90, (X) = Po, 96, (Xk)) Lio()Av(e)> (k1)) = 0,

T is a (Re-valued) martingale. Using the Burkholder inequality ([21], Theorem 2.10), we have

n—1 p/2
p
E? HT};D‘ } < GEL (Z Pis1190, (Xkt1) — Po, o, (Xk)|2]l{a(IC)/\u(e)>k+1}> ; (A.10)
k=0

where C), is a universal constant.
(A3), we have

EZ, |

Since Ty(ll) is a martingale in LP,
inequality implies that

Ef 4 [Sup

n>1

which concludes the proof of (A.6).

Using Minkowski’s inequality and supgei(||lgollv + || Pogellv) < oo,

o0 p/2
ngl)m <C (Z pi) D(e, p, K, x).
k=1

then \T,E”| is a non-negative submartingale in £P and Doob’s LP

, o p/2
Tr(ll)‘ } <C (Z pi) D(e, p,K,z),
k=1
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Proof of (A.7). Under (A3), we have
n—1

sup > prsr (Po 9o, (X) = Po,_, 900, (Xk)) L{o(0)av(e)zk+1}
nZt k=1

< C’ZPkHW(Xk) 10k — Ok—1|" T{o(c)Av(e)>k+1}s
k=0

(o)
<O prirer W(Xk) Lo(o)av(e)=hr1}-
k=0

We conclude the proof by applying Minkowski’s inequality.

Proof of (A.8). Under (A3),

n—1 [e'e)
sup Z(karl = k) Po,_1 90, (Xi) Vo) Av(e) k1) | < CZ(Pk = Pk )W (Xk) Lo (k) Av(e) > k411
Nzt k=1 k=1

and the proof follows from Minkowski’s inequality.
Proof of (A.9). Under (A3),

sup |p1Po, 900 (X0) L{o(xc)rv(e)>1} — PuPor_1900 1 (Xn) Lio(c)ave)sny|” <

C (PIpr(Xo) Lio(k)rv(e)>1} + sup pszp(Xn)]l{U()C)/\u(e)Zn}> < CZpsz(Xk)]l{a(lC)/\u(e)zk}-
n= k=1

The proof follows from (A3), the inequality -, o < (X5, pi)p/2 for p > 2.
Since TTS.S)]]-{U(IC)/\V(e)Zn} =0, we have

4
Sl,n(ev P, K:) = Tn]]-{o(lC)/\u(e)Zn} = ZTrr(Li)]]-{o(lC)/\u(e)Zn}~

i=1

The Markov inequality and Lemma 5.1 imply that

[e'e] p/2 [e%e) p
P o (Sgr; S1.n(€,p,K)| > 5) <CsP <Z pi) - me%) WP (z). (A.11)
n= k=1 k=1

The proof for all I then follows from the Markov property: for all (x,0) € X x K,
—1
P2, (sup Sisrale p ) 2 6) =22, (P55, (sup51e™ 0™ K01 2 6) Loty nwioon

—1
<E%, <SUP P, o <SUP 1S1n(e™ p™ K)| > 5) 1{0()C)/\u(e)2l}> -
7 \sex 7 \n>1

Since the sequence € is non-increasing, there exists an integer s such that for all l and all k > s, €' <¢,
for all k > s (where € is defined in (A3)) and Lemma 5.1 shows that there exists a constant C' such that
for any [, for any z € X and any monotone non-increasing sequence p,

-l
supsup E? ; [WP(Xp) Lo x)av(e—t)>ky] < CWP ().
0ek k>0
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The proof follows from (A.11).
It remains to bound P¥ ,(v(€) < o(K)) < P£ ,(v(e) < o(K)).

PP ,(v(€) < a(K)) =Y P2 (v(e) = k,o(K) > k)
k=1

= Z o ([H(Or—1,X3)| = expy ', 0(K) > k,v(e) = k)
k=1

Z € i)’ sup sup E? o [W?(Xp) 1o (k) Av(e) 2k} )-
Pt k>0 0K

IA

The proof follows from Lemma 5.1.

Appendix B. Proof of Proposition 6.1. The following proposition is a (partial) restatement of
[15, Theorem 1] (see also [Theorem 2.3][26]).

PROPOSITION B.1. Suppose that P is irreducible and aperiodic and that P™(z,-) > 1o (x)dv(:) for a
set C € B(X), some integer m and 6 > 0 and that there is a drift to C in the sense that, for some A <1,
b and a function V : X — [1,00),

PV(z) <A\V(z) Yo g C and sup(V(z)+ PV(z)) <b. (B.1)
zeC
Then, there exist constants K and p < 1, depending only upon m,d, A\, b, such that, for all x € X, and all
ge Ly

1PEg —m(9)lv < Kp" llgllv- (B-2)
In addition, u="Y",<,(P*g — m(g)) is a solution of the Poisson equation u — Pu = g — m(g).

[26, Theorem 2.3] is stated in the strongly aperiodic case, i.e. where C is a (1,0) small set. Explicit
but intricate expressions for K and p (in terms of the constants m, §, A\, b) are given in this reference.
Partial extensions to the general aperiodic case is considered in [26, Theorem 2.4], based on splitting and
regeneration techniques. Sharper and simpler bounds have been recently obtained in [15] using coupling
technique. This result extends to V-norm results obtained earlier for the total variation distance by [31]
(see also [30]). These results have been derived in the strongly aperiodic case; extensions to the general
aperiodic case can be considered in the same framework.

PROPOSITION B.2. Assume (DRI1)-(DRI3). Then, there exist a constant C' and p < 1 such that,
forall g € Lya, withq=1 orq=p and any k >0

sup |1Pyg —ma(9)|lve < Cp¥|lgllva, (B.3)
sup |0 —0'| 77| Pfg— Pyigllve < Cllgllva. (B.4)
(0,0)EXXK

Proof. Eq. (B.3) follows from Proposition B.1. To prove (B.4) write, for all (,0") € ©x 0, alln € N,
and all g € Lyq

n—1 n—1

Prg(z) — Ppg(z) = Y _ Pj(Py — Pp)Py 7 'g(x) = > PJ(Ps — Po)(Py 7" g(z) — mor(9))-
j=0 j=0
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Eq. (B.3) shows that there exists a constant C' such that, for any [ > 0,

sup || Pig — mo(g)llve < Cllgllve p' and  supsup [|[P)V|ya < cc.
e j>060ek

Under assumption (DRI3) we thus have, for any [ > 0,
I(Ps — Po)(Pyg(x) — mo(9)llve < ClO — 0'°|[(Phg(z) — mo(9)llve < ClO — 0'|lgllvar,
which concludes the proof. O

Proof of Proposition 6.1. Under (DRI1), Py is positive recurrent and admits a single stationary
measure mg, which verifies supgcxc m9(V?) < 0o which implies that supgex |R(6)] < 0.

Proof. [Proof Eq. (6.6)] Let g € X and k € N. Write h(0) — h(0') = A(6,0") + B(0,0") + C(6,0")
where

A(0,0") = (h(0) — Py Hy(x0)) + (Pg Ho (z0) — h(0)), (B.5)
B(0,0") = PYHy(x0) — Py Hg(x), (B.6)
C(6,0") = Py Hy(xo) — Py Hp (x0). (B.7)

Propositions B.1 and B.2 show that there exist constants C' and p < 1 such that, for all (6,6") € K x K,
|A(6,0")] < C p"* sup||Hollv V(x0),
0ek

|B(0,6")| < C sup || Hy|lv |0 — 0'|° V(x0),
e
1C(0,0)] < /X P} (0, dy)|Ho(y) — Ho (y)| < C|0 — 6| /X P (0, dy)V (y) < C|0 —0'|° V(z0).

Hence, there exists a constant C' such that, for all (6,0") € K x K,
[h(8) — h(6")] < C V(xo) (p* + 10 —0']"). (B.8)

The proof is concluded by setting k& = [Blog|0 — 6'|/log(p)] (where [z] is the integer part of z) if
|0 — 6| <5 <1andk =1 otherwise. O

Proof. [Proof of Eq. (5.4)] Using Eq.(6.6), Proposition B.1 and B.2, there exists a constant C' such
that, for all (0,6’) € K we have

|(Py Ho(x) — h(0)) — (Pg (x)He (z) — h(0))| <
| Py Ho(x) — Py Ho (x)| + | Py Hor () — Py Hor ()] + [1(0) — h(¢')] < C|6 — 0"V (2).

On the other hand, by Proposition B.1, there exist constants p < 1 and C such that, for all (0,0") € Kx K,
(P Ho(x) — h(0)) — (Pg Ho: () — h(8))| < Cp*V (2).

Hence, for any s and N > s, we have

e} N+s
Phanle) = Phaw ()] < 3PS Holo) ~ h6) ~ (P o)~ n#)] < CV (@) {Nlo 0+ 1.
k=s
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The proof follows by setting N = [Blog |0 — ¢'|/log p], for |6 —¢'| <6 < 1,0 # 6, N = s otherwise, and
using the fact that for any 0 < a < 3, | — 0'|Plog |0 — 6’| = o(|6 — 6'|*). O

Proof. [Proof Eq. (5.6)] Let p = {pi,k > 0} be a non-increasing sequence of positive numbers and
let I be a compact subset of ©. (DRI1), Eq. (6.2) shows that, for all k > 0,1 > 0, all z € X,

sup g [VP(Xr) Loz hey | Fr] < 6V (Xi) Do) 20 (B.9)
S

We will show that there exist constants € > 0, 0 < p < 1 and C such that, for all &
E? o VP (Xkm) Loy avezktm} | Fi] < pVP(Xi)Lio(cynv >k + C (B.10)
For n € N, write n = wm + v, where v € {0,...,m — 1}. (B.10) shows that

. c
EL o [V? (Xumto) Lio(oav. >um+oy] < PUES o[VP(Xo) Lio(x)ave>0}] + -,

and the proof follows from (B.9). It remains to prove (B.10). We repeatedly use the following lemma
adapted from [5] (Lemma 3, p. 292.)

LEMMA B.3. Assume (DRI). Let 1) : © x X — R be a function verifying supgcy ||V |lve < co. Then,
for any € > 0, for any l > 1 there exist a constant C such that, for all k > 0,

Ef [Yor (Xt Lok nvezhriy | Fie] < Ef 4 [Po, 0, (Xiti-1) Yo(c) ave shri—1} | Fi]
+ Crle® 211]}((): H’(/Jg”vp Vp(Xk))]]-{O'(K:)/\VCZk}'
€

Proof.

E? o [0k, Xit) Lo (oypvezirny | Fi] = EL o [Por iy Yo, (Xiti-1) Lo (0)ave > hriy | Fi)
=E?, [P, Vo, (Xiti-1)Lo(c) rve sty | Fi] + R

where

R, = EZ,O [(P9k+l—1 - Pek)wak (XkJrl*l)]l{a()C)/\ngk-‘rl} ‘ fk] .

Under (DRI3), there exists a constant C' such that for all z € X
|(Poyii 1 — Po )V, () Loio)nveskry 1S C sup [ollve VP (2)(1e)* o) Ave k1) -
Finally, (DRI1) implies that
E? o [V (Xnkt1-1) Vo) avsk+ty | Fir] < KVP(Xk) Lio(c)ave >k}
which implies

|Ri| < Cr! (le)* sup vollve VP(Xk)1{o(c)ave >k}
S
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Using repeatedly the lemma above, we may write

E? o (VP (Xktm) Lio(k)Ave 2 htm} | Fi)
<EL o [Po, VP (Xksm—1) Lot rvezhtrm—1} | Fi] + Con€* VP(X1) Liok)av. 2k}
< EL 5 [PoVP(Xktm—2)L{o(c)v.zhtm—2} | Fi] + (Com 4 Con15)e* VP (Xi) Lok Av, 2k}

m—1

< PgZVP(Xk)]l{a(IC)/\VFZk} + Z Cmfilii Ean(Xk)]l{g.(;C)/\l,€Zk}.
1=0

The proof follows from (DRI) for e sufficiently small. O
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