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Abstract. In this paper we address the problem of the stability and convergence of the stochastic approximation
procedure

θn+1 = θn + γn+1[h(θn) + ξn+1].

The stability of such sequences {θn} is known to heavily rely on the behaviour of the mean field h at the boundary of the
parameter set and the magnitude of the stepsizes used. The conditions typically required to ensure convergence, and in
particular the boundedness or stability of {θn}, are either too difficult to check in practice or not satisfied at all. This is the
case even for very simple models. The most popular technique to circumvent the stability problem consists of constraining
{θn} to a compact subset K in the parameter space. This is obviously not a satisfactory solution as the choice of K is a
delicate one. In the present contribution we first prove a “deterministic” stability result which relies on simple conditions
on the sequences {ξn} and {γn}. We then propose and analyze an algorithm based on projections on adaptive truncation
sets which ensures that the aforementioned conditions required for stability are satisfied. We focus in particular on the
case where {ξn} is a so-called Markov state-dependent noise. We establish both the stability and convergence w.p. 1 of the
algorithm under a set of simple and verifiable assumptions. We illustrate our results with an example related to adaptive
Markov chain Monte Carlo algorithms.
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1. Introduction. In many contexts it is of interest to find the roots of possibly non linear equations
of the form

h(θ) = 0, θ ∈ Θ, (1.1)

for some mapping h : Θ → Rnθ , where Θ ⊂ Rnθ for some integer nθ. Most of the methods for solving the
previous equation are iterative, i.e. produce a sequence of iterates {θn, n ≥ 0} which eventually converges
to the set of solutions of Eq. (1.1),

S := {θ ∈ Θ, h(θ) = 0} . (1.2)

Stochastic Approximation (SA) is a class of algorithms to solve Eq. (1.1) in the situation where only
noisy measurements of h are available. In its simplest form, the Robbins-Monro algorithm produces a
sequence {θn, n ≥ 0} defined recursively as follows,

θ0 ∈ Θ, θn+1 = θn + γn+1ζn+1, n ≥ 1, (1.3)

where {γn, n ≥ 1} is a sequence of stepsizes which satisfies standard conditions (say γn ↓ 0 and
∑

n≥1 γn =
∞) and for any n ≥ 1, ζn is a noisy measurement of h(θn). It is useful to introduce the sequence
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2 C. ANDRIEU, É. MOULINES, P. PRIOURET

{ξn, n ≥ 1} defined as

ζn+1 = h(θn) + ξn+1, (1.4)

which will be referred to as the noise sequence. Convergence of SA has been studied under various sets
of assumptions for the mean field h and the noise sequence {ξn, n ≥ 1} since the early work by [23];
see e.g. [5],[18], [24], [16] and the references therein. Essentially, convergence of the SA sequence can
be established toward an attractive subset provided that the sequence {θn, n ≥ 0} is with probability 1
(hereafter w.p. 1) in a compact subset of Θ and is w.p. 1 infinitely often in the domain of attraction of
this attractive subset. Showing in practice that {θn, n ≥ 0} satisfies these boundedness and recurrence
conditions proves to be a difficult task. The available results hold under conditions which are still
restrictive, despite recent advances (see [1], [7], [6] and references therein). This major drawback has
motivated the design of modified Robbins-Monro recursions. Probably the most widely used method in
practice consists of constraining the sequence {θn, n ≥ 0} to some compact set K ⊂ Θ by means of a
reprojection onto K. This method has been thoroughly investigated in [24] (see also [8] and the references
therein). Although relatively easy to implement, and sound when constraints about the system considered
are available a priori, this approach becomes impractical and questionable in many situations of interest.

Our contributions to solve the stability and convergence problems are here twofold:

First we establish and prove in Section 2 a general result of stability, Theorem 2.2, for deterministic
sequences of the form given by Eqs. (1.3)-(1.4). This key deterministic result assumes the existence
of a global Lyapunov function for the mean field h and mild general assumptions about the noise and
stepsize sequences. In contrast with previous results, the conditions required on the growth of the
Lyapunov functions and the mean field h when θ approaches the boundaries of the parameter set Θ are
minimal. As a consequence the result is applicable to quite general settings. We then show that, under
the conditions that guarantee stability, the convergence of the deterministic sequence Eq. (1.3)-(1.4) is
ensured (see Theorem 2.3).

Our second contribution here consists of proposing a SA algorithm (Section 3) for which the afore-
mentioned noise and stepsize conditions are satisfied w.p. 1. There are many different applications of
stochastic approximations which imply markedly different types of assumptions on the noise sequence
{ξn}. Whereas our deterministic stability and convergence results mentioned above can be applied quite
generally, we focus in this paper on the subtle Markov state dependent noise (see [24, Chapter 6, Section
6.6] and Section 3 in this paper), for which the availability of algorithms whose convergence can be estab-
lished under general but nevertheless verifiable assumptions is still missing. The proposed algorithm is a
modification of the classical Robbins-Monro procedure described in Eq. (1.3)-(1.4), based on truncations
on adaptive truncation sets, in the spirit of the seminal works [11] and [10].

The convergence of SA with adaptive truncation sets has been considered under various conditions on
the noise sequence {ξn}. These include state-independent noise conditions (see for example [12, Section
2.4, pp. 42-44]) but also state-dependent martingale differences ([32], [14], [9], [12, Section 2.5, pp. 49-
57]) or state-dependent φ-mixing processes ([9], [12, Section 2.5, pp. 49]). However the application of
this strategy to the Markovian state dependent case requires even more care, and it is therefore not
surprising to find that the results on the topic are scarce, and have been obtained under conditions that
are more stringent than those considered in the present paper; see [33], [13] and for the special case of
ARMAX models, [12, Chapter 6]. As we shall see our procedure differs in some respects from the original
procedure proposed by [11] and [10], and offers additional degrees of freedom. Our technique of proof for
the stability relies on a novel approach and offers as a byproduct an explicit bound for the tail probability
of the number of reprojections, which is found to be super-exponential under mild technical conditions.

In order to illustrate our findings and their applicability, we propose (see Section 7) to analyse the
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convergence of an adaptive Markov chain Monte Carlo (MCMC) algorithm recently proposed in [20] and
analysed under more stringent conditions than those considered here. Other examples can be found in
[2].

2. Key deterministic results. In this section we establish both stability and convergence results
for deterministic recursions of the type described in Eqs. (1.3)-(1.4). Before stating our first assumptions,
some definitions and notation are needed. Let d be a positive integer. An element v of Rd is denoted by
its column vector v and its transpose is denoted by vT. For elements v, w of Rd, we denote < v, w > their
inner product, so that |v| = √

< v, v > denotes the norm of v. Our first assumption is the existence of a
global Lyapunov function w for the mean field h. Denoting WM := {θ ∈ Θ, w(θ) ≤ M} ⊂ Θ we assume,

(A1) Θ is an open subset of Rnθ , h : Θ → Rnθ is continuous and there exists a continuously differen-
tiable function w : Θ → [0,∞) such that
(i) There exists M0 > 0 such that

L :=
{

θ ∈ Θ,
〈
∇w(θ), h(θ)

〉
= 0

}
⊂ {θ ∈ Θ, w(θ) < M0} ,

(ii) There exists M1 ∈ (M0,∞] such that WM1 is a compact set,
(iii) For any θ ∈ Θ \ L,

〈
∇w(θ), h(θ)

〉
< 0,

(iv) The closure of w(L) has an empty interior.

If h is a gradient field, i.e. h = −∇J for some lower bounded real valued and differentiable function
θ 7→ J(θ), then the choice w = J is appropriate, provided that J is continuously differentiable. Note that
in situations where the set of stationary points cannot be characterized explicitly, one might use Sard’s
theorem from differential geometry in order to check (A1-iv). Indeed, Sard’s theorem states that if w is
nθ-times continuously differentiable, then w({∇w = 0}) has an empty interior.

Our approach to prove our stability and convergence results can be decomposed into two distinct
steps. In the first step (this section), we establish deterministic conditions on a noise sequence {ξn} and
a stepsize sequence {ρn} upon which a deterministic sequence {θn} defined as

θ0 ∈ Θ θn+1 = θn + ρn+1[h(θn) + ξn+1] for n ≥ 0, (2.1)

has the following properties: (i) it remains in a compact subset of Θ (see Theorem 2.2) and (ii) provided
that {θn} remains in a compact subset of Θ, converges to L (Theorem 2.3). In a second step - which
is probabilistic in nature and depends on how the noise is generated - we develop a general algorithm
for the case where {ξn} follows a Markovian state-dependent dynamic which allows one to show that the
required condition on {ξn} is satisfied w.p. 1 (Sections 3-6).

Before proving Theorem 2.2 and Theorem 2.3 we prove in the following lemma a fundamental con-
traction property of the Lyapunov function w. This result is the crux to both the proof of stability and
convergence.

Lemma 2.1. Assume (A1).Then

(i) Let K ⊂ Θ be a compact subset such that 0 < infθ∈K
∣∣∣
〈
∇w, h

〉∣∣∣. For any 0 < δ < infθ∈K
∣∣∣
〈
∇w, h

〉∣∣∣,
there exist λ > 0 and β > 0, such that, for any ρ, 0 ≤ ρ ≤ λ, ζ, |ζ| ≤ β, and θ ∈ K, w(θ + ρh(θ) +
ρζ) ≤ w(θ)− ρδ.

(ii) For any M ∈ (M0,M1] (where M0 is defined in (A1-i) and M1 is defined in (A1-ii)), there exist
λ > 0 and β > 0 such that for any ρ, 0 ≤ ρ ≤ λ, ζ, |ζ| ≤ β, and θ ∈ WM , θ + ρh(θ) + ρζ ∈ WM .
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Proof. We first prove (i). For any 0 < δ < infθ∈K |
〈
∇w, h

〉
|, there exist λ > 0 and β > 0 such that

for all ρ, 0 ≤ ρ ≤ λ, ζ, |ζ| ≤ β and t, 0 ≤ t ≤ 1, we have for all θ ∈ K, θ + ρth(θ) + ρtζ ∈ Θ and
∣∣∣
〈
∇w(θ), h(θ)

〉
−

〈
∇w(θ + ρth(θ) + ρtζ), h(θ) + ζ

〉∣∣∣ ≤ inf
θ∈K

|
〈
∇w, h

〉
| − δ.

Then for any ρ, 0 ≤ ρ ≤ λ and ζ, |ζ| ≤ β,

w(θ+ρh(θ)+ρζ)−w(θ) = ρ
〈
∇w(θ), h(θ)

〉
+ρ

∫ 1

0

(〈
∇w(θ + tρh(θ) + tρζ), h(θ) + ζ

〉
−

〈
∇w(θ), h(θ)

〉)
dt

≤ −ρ inf
θ∈K

|
〈
∇w, h

〉
|+ ρ

(
inf
θ∈K

|
〈
∇w, h

〉
| − δ

)
= −ρδ.

We now prove (ii). Consider M ′ ∈ (M0,M). Since WM ′ is compact and w continuous, there exists λ0 > 0
and β0 > 0 such that, for all 0 ≤ ρ ≤ λ0, |ζ| ≤ β0 and θ ∈ WM ′ then θ + ρh(θ) + ρζ ∈ WM . We can
apply (i) to the set K = {θ ∈ Θ,M ′ ≤ w(θ) ≤ M} to show that there exists λ1, β1 such that, for all ρ,
0 ≤ ρ ≤ λ1, ζ, |ζ| ≤ β1 and θ ∈ K, w(θ + ρh(θ) + ρζ) ≤ w(θ) ≤ M , showing that θ + ρh(θ) + ρζ ∈ WM .

2.1. Boundedness. In this section, we show that under (A1) and mild additional conditions on
{ξn} and {ρn}, then the sequence defined in Eq. (2.1) remains in a compact subset of Θ.

Theorem 2.2. Assume (A1). For any M ∈ (M0,M1] there exist δ0 > 0 and λ0 > 0 such that, for all
n ≥ 1, all θ0 ∈ WM0 , all sequences {ρk} of non negative integers and all sequences {ξk} of nθ-dimensional
vectors satisfying

sup
1≤k≤n

ρk ≤ λ0 and sup
1≤k≤n

∣∣∣∣∣∣

k∑

j=1

ρjξj

∣∣∣∣∣∣
≤ δ0,

we have for k ∈ {1, . . . , n}, w(θk) ≤ M , where θk = θk−1 + ρkh(θk−1) + ρkξk.

Proof. Let M ′ be such that M ′ ∈ (M0,M). Lemma 2.1 shows that there exists λ0 > 0, β0 > 0 such
that, for all θ, ρ and ζ satisfying w(θ) ≤ M ′, 0 ≤ ρ ≤ λ0 and |ζ| ≤ β0,

w(θ + ρh(θ) + ρζ) ≤ M ′. (2.2)

By continuity of h and w there exists δ0 ∈ (0, β0] such that for all (θ, θ̄) ∈ Θ × Θ satisfying w(θ) ≤ M
and |θ − θ̄| ≤ δ0, we have

|h(θ̄)− h(θ)| ≤ β0 and |w(θ̄)− w(θ)| ≤ M −M ′. (2.3)

We will now prove by induction that, for all k ∈ {1, . . . , n}, w(θ̄k) ≤ M ′ and w(θk) ≤ M , where the
sequence {θ̄k} is defined recursively as follows: θ̄0 = θ0 and for all k ∈ {1, . . . , n},

θ̄k = θ̄k−1 + ρkh(θk−1).

Under the stated assumptions w(θ0) = w(θ̄0) ≤ M0 and since 0 ≤ ρ1 ≤ λ0 and |θ1 − θ̄1| = |ρ1ξ1| ≤ δ0,
on the one hand Lemma 2.1 shows that w(θ̄1) = w(θ̄0 + ρ1h(θ̄0)) ≤ M ′ and on the other hand w(θ1) =
w(θ0 + ρ1h(θ0) + ρ1ξ1) ≤ M , which proves the result for n = 1. Assume now that the result holds up to
1 ≤ k ≤ n− 1 for n > 1. By construction, for j ∈ {1, . . . , k}, θj − θ̄j = θj−1 − θ̄j−1 + ρjξj , which implies
that

θj − θ̄j =
j∑

i=1

ρiξi. (2.4)
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Under the stated assumptions and Eq. (2.3), for j ∈ {1, . . . , k}, |θj − θ̄j | ≤ δ0 and |h(θj) − h(θ̄j)| ≤ β0.
On the other hand,

θ̄k+1 = θ̄k + ρk+1h(θk) = θ̄k + ρk+1h(θ̄k) + ρk+1

(
h(θk)− h(θ̄k)

)
.

Since 0 ≤ ρk+1 ≤ λ0 and w(θ̄k) ≤ M ′, Lemma 2.1 shows that w(θ̄k+1) ≤ M ′. Using again that
|θk+1 − θ̄k+1| ≤ δ0, Eq. (2.3) implies that w(θk+1) ≤ M , which concludes the proof.

2.2. Convergence. Theorem 2.2 provides us with conditions on {ξn} and {ρn} upon which a
sequence as defined in Eq. (2.1) stays within a compact subset of Θ. In the next proposition we show
that whenever {θk} stays in a compact subset of Θ, then under mild additional assumptions it converges
to L. The key result of this section is the following theorem, adapted here from [14, Theorem 2] (see [12]
for a similar result). For an integer d and A a subset of Rd, we define d(x,A) = inf{y ∈ A, |x− y|}. For
any set A ⊂ Θ and any δ > 0, we define Aδ := {θ ∈ Θ, d(θ,A) ≤ δ}; for any function φ : Θ → R, we
define ‖|φ‖|A := supθ∈A |φ(θ)|.

Theorem 2.3. Assume (A1). Let K be a compact subset of Θ such that L ∩ K 6= ∅. Let {ρk} be a
monotone non-increasing sequence of positive numbers such that ρ0 ≤ λ0 (where λ0 is given in Theorem
2.2),

∞∑

k=1

ρk = ∞ and lim
k→∞

ρk = 0.

Let {ξn} be a sequence in Rnθ satisfying lim supk→∞ supl≥k

∣∣∣∑l
i=k ρiξi

∣∣∣ = 0. Assume that the sequence
defined by θk = θk−1 + ρkh(θk−1) + ρkξk, is such that {θk} ⊂ K. Then, lim supk→∞ d(θk,L ∩ K) = 0.

We preface the proof of this theorem with two lemmas. For both lemmas, the assumptions of Theorem
2.3 are assumed to hold.

Lemma 2.4. Let N ⊂ Θ be an open neighbourhood of L∩K. There exist positive constants δ, ε and
λ (depending only on the sets N and K), such that for any δ′ ∈ (0, δ], λ′ ∈ (0, λ] and η > 0, one can find
an integer N and a sequence {θ̄j}j≥N satisfying

sup
j≥N

|θj − θ̄j | ≤ δ′, sup
j≥N

ρj ≤ λ′, and sup
j≥N

|w(θj)− w(θ̄j)| ≤ η, (2.5)

w(θ̄j) ≤ w(θ̄j−1)− ρjε + (η + ρjε) 1N (θ̄j−1) for j ≥ N + 1. (2.6)

Proof. Let us choose δ0 > 0 such that the compact set Kδ0 ⊂ Θ. The set Kδ0 \ N is compact and
supKδ0\N

〈
∇w, h

〉
< 0. By Lemma 2.1, for any ε > 0 such that supθ∈Kδ0\N

〈
∇w(θ), h(θ)

〉
< −ε, one

may choose λ > 0 and β > 0 small enough so that for any ρ ∈ [0, λ], |ζ| ≤ β and θ ∈ Kδ0 \ N ,

w(θ + ρh(θ) + ρζ) ≤ w(θ)− ρε. (2.7)

Using the uniform continuity of continuous functions on compact sets, for any η > 0 one may choose
δ ∈ (0, λ‖h‖K] small enough so that for all (θ, θ̄) ∈ Kδ0 ×Kδ0 satisfying |θ − θ̄| ≤ δ ≤ λ‖h‖K,

|h(θ)− h(θ̄)| ≤ β and |w(θ)− w(θ̄)| ≤ η. (2.8)

Under the stated conditions for all δ′ ∈ (0, δ] and λ′ ∈ (0, λ] there exists an integer N such that for any
n ≥ N + 1, ρn ≤ λ′ and

∣∣∑n
k=N+1 ρkξk

∣∣ ≤ δ′. Define recursively for j ≥ N the sequence {θ̄j}j≥N as
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follows: θ̄N := θN and for j ≥ N + 1,

θ̄j = θ̄j−1 + ρjh(θj−1). (2.9)

By construction, for j ≥ N + 1, θ̄j − θj =
∑j

i=N+1 ρiξi which implies that supj≥N |θ̄j − θj | ≤ δ′. On the
other hand, for j ≥ N + 1,

θ̄j = θ̄j−1 + ρjh(θ̄j−1) + ρj

(
h(θj−1)− h(θ̄j−1)

)
, (2.10)

and since |θ̄j−1 − θj−1| ≤ δ′ ≤ δ, Eq. (2.8) shows that |h(θj−1)− h(θ̄j−1)| ≤ β. Thus, Eq. (2.7) implies
that, whenever θ̄j−1 ∈ Kδ \N , w(θ̄j) ≤ w(θ̄j−1)− ρjε. Now Eq. (2.8) implies that |w(θ̄j)−w(θ̄j−1)| ≤ η
for any θ̄j−1 ∈ Kδ and |w(θj)− w(θ̄j)| ≤ η for any θj ∈ K, which concludes the proof.

Lemma 2.5. Let ε be real constants, n be an integer and let −∞ < a1 < b1 < · · · < an < bn < ∞
be real numbers. Let {uj} be a bounded real sequence such that, for any η > 0 there exists an integer J
such that for all j ≥ J ,

uj ≤ uj−1 − ρjε + (η + ρjε)1A(uj−1) A =
n⋃

i=1

[ai, bi]. (2.11)

Then, the limit points of the sequence {uj} are included in A.

Proof. As {uj} is bounded, it has at least one limit point from the Bolzano-Weierstrass theorem. Let
us denote ǎ one of these limit points; since {uj} is bounded and satisfies Eq. (2.11), ǎ ≥ a1. Now let us
proceed by contradiction and assume that there exists l ∈ {1, 2, . . . , n} such that ǎ ∈ (bl, al+1), with the
convention that an+1 = ∞. For any ε > 0 sufficiently small [ǎ − ε, ǎ + ε] ⊂ Ac. Now, for any integer j
and any set B ⊂ R, we define:

τB(j) = inf{k ≥ j : uk ∈ B},

with the convention inf ∅ = ∞. Since
∑∞

k=1 ρk = ∞ and {uk}k≥0 is bounded, Eq. (2.11) implies that for
any η > 0 and j ≥ J , σ(j) := τA(j) < ∞. Note also that for k = j, . . . , σ(j), uk ≤ uj . Since ǎ ∈ (bl, al+1)
is a limit point, for any integer j, κ(j) := τ(bl,∞)(j) < ∞. Let η > 0 be such that, for any j ≥ J ,
0 < η < (ǎ− ε− bl)/2. Then for j ≥ J , uκ[σ(j)] < (ǎ− ε+ bl)/2 and for k = κ[σ(j)], . . . , κ(σ(κ[σ(j)]))− 1,
uk ≤ uκ[σ(j)], which implies that for any i ≥ κ(σ(J)), ui ≤ (ǎ − ε + bl)/2 and contradicts the fact that
ǎ is a limit point. Now using the same type of argument, one can show that if an accumulation point
ǎ ∈ [ak, bk] for some k ∈ 1, . . . , n− 1, then there cannot be any accumulation point in [al, bl] for n ≥ l > k.
As a consequence there cannot be an accumulation point in an interval other than [ak, bk].

Proof. [Theorem 2.3] We first prove that limj→∞ w(θj) exists. For any α > 0, define the set
[w(L ∩ K)]α := {x ∈ R : d(x,w(L ∩ K)) ≤ α}. Since ‖|w‖|K < ∞, [w(L ∩ K)]α is a finite union of disjoint
intervals of length at least equal to 2α. By Lemma 2.4, there exist positive constants δ, ε, λ, such that
for any δ′ ∈ (0, δ], λ′ ∈ (0, λ] and η > 0, one may find an integer N and a sequence {θ̄j}j≥N such that,

sup
j≥N

|θj − θ̄j | ≤ δ′ and sup
j≥N

|w(θj)− w(θ̄j)| ≤ η

and

w(θ̄j) ≤ w(θ̄j−1)− ρjε + (η + ρjε)1[w(L∩K)]α(w(θ̄j−1)) for any j ≥ N + 1,

where we have made the choice N = w−1(int([w(L∩K)]α)) and used that 1N (θ) ≤ 1[w(L∩K)]α(w(θ)). By
Lemma 2.5, the limit points of the sequence {w(θ̄j)} are in [w(L ∩ K)]α and since supj≥N |θj − θ̄j | ≤ δ′
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the limit points of the sequence {w(θj)}j≥0 are in [w(L ∩ K)]α′ for α′ = α + η. Since α and η can be
chosen arbitrarily small, this implies that the limit points of the sequence {w(θj)}j≥0 are included in⋂

α>0[w(L∩K)]α. Because L∩K is a compact subset of Rnθ and w is continuous, w(L∩K) is a compact
subset of R which implies that: w(L ∩ K) =

⋂
α>0[w(L ∩ K)]α. Thus, the limit points of {w(θj)} belong

to the set w(L ∩ K).

On the other hand, lim supj→∞ |w(θj) − w(θj−1)| = 0, which implies that the set of limit points of
{w(θj)} is an interval. Because w(L) has an empty interior, the only intervals included in w(L ∩ K) are
isolated points, which shows that the limit limj→∞ w(θj) exists.

We now proceed to proving that lim supj→∞ d(θj ,L∩K) = 0. Let N ⊂ K be an arbitrary neighbour-
hood of L ∩ K. From Lemma 2.4 there exist constants δ > 0, ε > 0, λ > 0 such that for any δ′ ∈ (0, δ],
λ′ ∈ (0, λ] and η > 0 one may find an integer N and a sequence {θ̄j}j≥N such that

sup
j≥N

|θj − θ̄j | ≤ δ′, sup
j≥N

ρj ≤ λ′ and sup
j≥N

|w(θj)− w(θ̄j)| ≤ η

and

w(θ̄j) ≤ w(θ̄j−1)− ρjε + (η + ρjε)1N (θ̄j−1) for any j ≥ N + 1.

For j ≥ N , define τ(j) := inf
{
k ≥ 0, θ̄k+j ∈ N

}
. For any integer p, define τp(j) := τ(j) ∧ p, where

a ∧ b = min(a, b).

w(θ̄j+τp(j))− w(θ̄j) =
j+τp(j)∑

i=j+1

{
w(θ̄i)− w(θ̄i−1)

} ≤ −ε

j+τp(j)∑

i=j+1

ρi, (2.12)

with the convention that, for any sequence {ai} and any integer l,
∑l

i=l+1 ai = 0. Therefore,

w(θj+τp(j))− w(θj) = w(θj+τp(j))− w(θ̄j+τp(j)) + w(θ̄j+τp(j))− w(θ̄j) + w(θ̄j)− w(θj)

≤ 2η − ε

j+τp(j)∑

i=j+1

ρi.

Since {w(θj)} converges, for any ε′ > 0 there exists N ′ > N such that, for all j ≥ N ′,

−ε′ < w(θj+τp(j))− w(θj) ≤ 2η − ε

j+τp(j)∑

i=j+1

ρi (2.13)

This implies that, for all j ≥ N ′ and all integer p ≥ 0,

j+τp(j)∑

i=j+1

ρi ≤ C(ε′, η) := ε−1 (ε′ + 2η) . (2.14)

Since
∑j+τ(j)

i=j+1 ρi = limp→∞
∑j+τp(j)

i=j+1 ρi and
∑∞

i=1 ρi = ∞, the previous relation implies that, for all j ≥
N ′, τ(j) < ∞ and

∑j+τ(j)
i=j+1 ρi ≤ C(ε′, η). For any integer p, θj+p− θj =

∑j+p
i=j+1 ρih(θi−1) +

∑j+p
i=j+1 ρiξi,

which implies that

|θj+p − θj | ≤ ‖h‖K
j+p∑

i=j+1

ρi +

∣∣∣∣∣∣

j+p∑

i=j+1

ρiξi

∣∣∣∣∣∣
.
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Applying this inequality for j ≥ N ′ and p = τ(j) and using that, by definition, θ̄j+τ(j) ∈ N ,

d(θj ,N ) ≤ |θ̄j+τ(j) − θj+τ(j)|+ |θj+τ(j) − θj | ≤ δ′ + ‖|h‖|K C(ε′, η) +

∣∣∣∣∣∣

j+τ(j)∑

i=j+1

ρiξi

∣∣∣∣∣∣
.

Since η, δ′ and ε′ can be chosen arbitrarily small, and lim supk→∞ supl≥k

∣∣∣∑l
i=k ρiξi

∣∣∣ = 0, the latter
inequality shows that limj→∞ d(θj ,N ) = 0. Since N is arbitrary, we thus have limj→∞ d(θj ,L ∩K) = 0.

Note that the boundedness is here one of the required assumption. It is therefore natural to try to
apply Theorem 2.2. This is what motivates the next section, where we describe a modification of the
stochastic approximation algorithm which ensures that the conditions of Theorem 2.2 are satisfied. We
consider here the Markov state dependent noise as it covers many applications of interest, encompasses
the exogeneous scenario and as we shall see leads to general and verifiable conditions.

3. Markov state-dependent noise. In this section, we describe our stochastic approximation
procedure with adaptive truncation sets and introduce the relevant notation required in the Markovian
state dependent noise scenario (see [24, Section 6.6, p 159] for a detailed description and numerous
examples). We first introduce a version without truncations of the algorithm in this setting (Subsection
3.2), and describe our adaptive procedure in terms of this plain algorithm in Subsection 3.1. This will
prove extremely useful when proving that our procedure is stable in Section 4 and in particular Section
5.

It is assumed hereafter that the state-space X and the parameter space Θ are equipped with a
countably generated σ-field, B(X) and B(Θ) (and measurability will always be defined w.r.t to these
σ-fields).

3.1. Non-homogeneous chain. Let ρ = {ρn} be a monotone non-increasing sequence with ρ0 ≤ 1,
define the product space X̄ := X ∪ {xc} × Θ̄ := Θ ∪ {θc}, where θc 6∈ Θ and xc 6∈ X are two arbitrary
cemetery points, and define the non-homogeneous Markov chain {Y ρ

n := (Xn, θn)} on X̄ × Θ̄ as follows.
Set θ0 = θ ∈ Θ, X0 = x ∈ X, and for n ≥ 0,

θn+1 =
{

θn + ρn+1H(θn, Xn+1) and Xn+1 ∼ Pθn(Xn, ·) if θn ∈ Θ,
θc and Xn+1 = xc if θn 6∈ Θ,

(3.1)

where it is assumed that the family of Markov transition probabilities {Pθ, θ ∈ Θ} and the field H satisfy
the following conditions :

(A2) For any θ ∈ Θ, the Markov kernel Pθ has a single stationary distribution πθ, πθPθ = πθ. In
addition H : Θ× X → Θ is measurable, for all θ ∈ Θ,

∫
X
|H(θ, x)|πθ(dx) < ∞.

The existence and uniqueness of the invariant distribution can be guaranteed under classical irreducibil-
ity and recurrence conditions (see e.g. [26, Chapter 9,10]). We denote h(θ) :=

∫
X

H(θ, x)πθ(dx)
the mean-field associated to this stochastic approximation procedure and define the noise sequence
{ξn = H(θn−1, Xn) − h(θn−1)}. Following [5], we will often write Hθ(x) as an equivalent expression
for H(θ, x), hθ for h(θ), etc...

We denote F = {Fn, n ≥ 0} the natural filtration of this Markov chain, with Fn := σ((Xl, θl), l ∈
{0, . . . , n}) and Pρ

x,θ the probability measure on the canonical space
(
(X×Θ)N, (B(X)⊗ B(Θ))⊗N

)
gener-

ated by the non-homogeneous Markov chain {Y ρ
n } started from the initial conditions (X0, θ0) = (x, θ) ∈

X×Θ and using the sequence ρ. Finally it will be useful in the sequel to introduce {Qρn} the sequence
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of transition probabilities that generates the inhomogeneous Markov chain {Y ρ
n }, where for ρ ≥ 0, Qρ is

defined for any (x, θ) ∈ X×Θ as,

Qρ(x, θ;A×B) =
∫

A

Pθ(x, dy)δθ+ρH(θ,y)(B), A ∈ B(X), B ∈ B(Θ).

3.2. Homogeneous chain. Let {Kq, q ≥ 0} be a sequence of compact subsets of Θ such that
⋃

q≥0

Kq = Θ, and Kq ⊂ int(Kq+1), q ≥ 0, (3.2)

where int(A) denotes the interior of set A. Let γ = {γk} and ε = {εk} be two monotone non-increasing
sequences of positive numbers and let K be a subset of X. Let Φ : X×Θ → K×K0 be a measurable function
and φ : Z+ → Z be a function such that φ(k) > −k for any k. Our stochastic approximation algorithm
with adaptive truncation sets is defined as an homogeneous Markov chain on Z := X×Θ× N× N× N

{Zn := (Xn, θn, κn, ςn, νn)} ∈ ZN, (3.3)

with the following transition at iteration n + 1,

• If νn = 0, then draw (Xn+1, θn+1) ∼ Qγςn
(Φ(Xn, θn); ·); otherwise draw (Xn+1, θn+1) ∼ Qγςn

(Xn, θn; ·).
• If |θn+1 − θn| ≤ εςn and θn+1 ∈ Kκn , then set: κn+1 = κn, ςn+1 = ςn + 1 and νn+1 = νn + 1;

otherwise, set νn+1 = 0, κn+1 = κn + 1, ςn+1 = ςn + φ(νn).

In words, κ, ς and ν are counters: κ is the index of the current active truncation set; ν counts the
number of iterations since the last reinitialization; ς is the current index in the sequences {γn} and {εn},
and therefore defines the current proposal kernel Qγ . The event {νn = 0} means that a reinitialization
occurs and the condition on φ ensures that the algorithm is reinitialized with a value for γςn smaller
than that used the last time such an event occurred. This algorithm is reminiscent of the algorithm
with adaptive truncation sets proposed in [11], [10]. When the current iterate wanders outside the active
truncation set or when the difference between two successive values of the parameter is larger than a
time-dependent threshold, then the algorithm is reinitialised with a smaller initial value of the stepsize
and a larger truncation set. Various choices for the function φ can be considered. For example, the choice
φ(k) = 1 for all k ∈ N coincides with the procedure proposed in [10]: in this case ςn = n. Another sensible
choice consists of setting φ(k) = 1− k for all k ∈ N, in which case the number of iterations between two
successive reinitialisations is not taken into account.

The intuitive motivation for this modification of the original stochastic approximation recursion lies
in Theorem 2.2. Indeed, in order to ensure the stability of the algorithm it is required that the sizesteps
be not too large and that the average effect of the noise be small in order for the drift h(θ) to dominate,
and confine the recursion to a compact set. The reprojections act as a -drastic- drift towards the center
of Θ when {θn} grows too rapidly and allow one to reinitialize the algorithm with a smaller sizestep
and weaker noise inside a “ring” of the type {θ ∈ Θ : w(θ) ∈ (M0,M1]} (M0 and M1 are defined in
(A1)) where the drift is strictly positive. The fact that M0 and M1 are unknown a priori is the reason
for the adaptive truncations, which ensure that one eventually selects Kq large enough in order to have
L ∩ Kq 6= ∅. As we shall see the limitation imposed on the increments of the sequence {θn} is required
in order to ensure some type of homogeneity of the chain {ξn}, and therefore ergodicity properties of the
noise sequence {ξn}.

In the light of this heuristic, one can naturally propose many variations on this theme. We suggest
here two possible extensions. First one can suggest other strategies in order to adapt the magnitude of
the sizesteps. Let {γn,l, n ≥ 0, l ≥ 0} be an array of stepsizes. Then, when a reprojection occurs, instead
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of jumping forward in a unique sequence of stepsizes, it is possible to simply change the sequence of
stepsizes, from say l to l +1. Another interesting variant of the proposed scheme consists of reinitialising
the algorithm when |θn − θn−1| > εςn−1 without changing the truncation set. In either cases the proof of
convergence follows using the same type of arguments as those presented in this paper.

We now introduce some further notation and briefly state our main result. For µ a probability on
Z, we denote P̄µ (resp. Ēµ) the probability (resp. the expectation) on the canonical space (ZN,B(Z)⊗N)
associated to the Markov chain {Zn} with initial distribution µ. For z ∈ Z we set P̄z := P̄δz

, Ēz := Ēδz
and

for (x, θ) ∈ X×Θ

P̄x,θ := P̄x,θ,0,0,0 and Ēx,θ := Ēx,θ,0,0,0. (3.4)

This probability measure depends upon the deterministic sequences γ = {γn} and ε = {εn}; this will
be implicit hereafter in order to alleviate notation. We define recursively {Tn, n ≥ 0} the sequence of
successive reinitialisation times

Tn+1 = inf {k ≥ Tn + 1, νk = 0} , with T0 = 0, (3.5)

where by convention inf{∅} = ∞. In the following sections we prove that under (A1), some regularity
conditions on the family of transition probabilities {Pθ, θ ∈ Θ} and the sequences γ and ε then

inf
(x,θ)∈K×K0

P̄x,θ

(
sup
n≥0

κn < ∞
)

= inf
(x,θ)∈K×K0

P̄x,θ

( ∞⋃
n=0

{Tn = ∞}
)

= 1,

i.e., the number of reinitializations of the procedure described above is finite P̄x,θ-a.e., for every (x, θ) ∈
K×K0. Convergence will then follow using Theorem 2.3 for example.

4. Bound on P̄x,θ(Tn < ∞). In this section we establish in Proposition 4.2 a bound on P̄x,θ(Tn < ∞)
in terms of the fluctuations of the noise sequence of the algorithm between successive reinitializations.
Let K be a compact subset of Θ and let ε = {εn} be a non-increasing sequence of positive numbers. We
introduce

σ(K, ε) = σ(K) ∧ ν(ε), σ(K) = inf{k ≥ 1, θk 6∈ K}, and ν(ε) = inf{k ≥ 1, |θk − θk−1| ≥ εk},
and for a sequence a = {ak} and an integer l, we define a←l = {a←l

k } as a←l
k = ak+l. We now prove

the following lemma, which relates the expectation of the homogeneous Markov chain {Zn} defined in
Subsection 3.2 to the expectation of a non-homogeneous Markov chain {Y ρ

n } defined in Subsection 3.1,
for a particular ρ.

Lemma 4.1. For any m ≥ 1, for any non-negative measurable function Ψm : (X × Θ)m → R+, for
any integers p and q, for any x, θ ∈ X×Θ,

Ēx,θ,p,q,0

[
Ψm(X1, θ1, . . . , Xm, θm)1{T1≥m}

]
= Eγ←q

Φ(x,θ)

[
Ψm(X1, θ1, . . . , Xm, θm)1{σ(Kp,ε←q)≥m}

]
. (4.1)

Proof. We proceed by induction. Let Ψ1 : X×Θ → R+. We notice that 1{T1≥1} = 1. This, combined
with the definition of Ēx,θ,p,q,0, leads to

Ēx,θ,p,q,0[Ψ1(X1, θ1)1{T1≥1}] = Qγq (Φ(x, θ);Ψ1), (4.2)

and by definition

Eγ←q

Φ(x,θ)[Ψ1(X1, θ1)1{σ(Kp,ε←q)≥1}] = Qγq (Φ(x, θ);Ψ1). (4.3)
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Now assume that the property is true for some m ≥ 1. It is sufficient to prove the induction for functions
Ψm+1 of the form

Ψm+1(x1, θ1, . . . , xm+1, θm+1) = ψm+1(xm+1, θm+1)Ψm(x1, θ1, . . . , xm, θm), (4.4)

with ψm+1 : X × Θ → R+. In order to alleviate notation we will often write Ψm (resp. ψm) for
Ψm(x1, θ1, . . . , xm, θm) (resp. ψm(xm, θm)) in what follows. Consider

Ēx,θ,p,q,0[Ψm+1(X1, θ1, . . . , Xm+1, θm+1)1{T1≥m+1}] =
Ēx,θ,p,q,0[ψm+1Ψm1{T1≥m}1{θm∈Kκm}1{|θm−θm−1|<εςm}]. (4.5)

Now, by definition of the stopping time T1, we have

1{θm∈Kκm}1{|θm−θm−1|<εςm}1{T1≥m} = 1{θm∈Kκ0}1{|θm−θm−1|<ες0+m}1{T1≥m}

= 1{θm∈Kκ0}1{|θm−θm−1|<ες0+m}1{σ(Kκ0 ,ε←ς0 )≥m},

from which we may deduce, using the induction assumption, that

Ēx,θ,p,q,0[Ψm+11{T1≥m+1}]

= Ēx,θ,p,q,0

[
Ēx,θ,p,q,0[ψm+1|Xm, θm, κm, ςm, νm] 1{θm∈Kκm}1{|θm−θm−1|<εςm}Ψm1{T1≥m}

]

= Ēx,θ,p,q,0

[
Qγq+m+1(Xm, θm; ψm+1)1{θm∈Kp}1{|θm−θm−1|<εq+m}Ψm1{T1≥m}

]

= Eγ←q

Φ(x,θ)

[
Qγq+m+1(Xm, θm; ψm+1)1{θm∈Kp}1{|θm−θm−1|<εq+m}Ψm1{σ(Kp,ε←q)≥m}

]

= Eγ←q

Φ(x,θ)

[
Qγq+m+1(Xm, θm; ψm+1)Ψm1{σ(Kp,ε←q)≥m+1}

]

= Eγ←q

Φ(x,θ)

[
Ψm+11{σ(Kp,ε←q)≥m+1}

]
.

which concludes the proof.

Define, for any compact set K ⊂ Θ, ε = {εk}, ρ = {ρk} and 1 ≤ l ≤ n the partial sum

Sl,n(ε, ρ,K) := 1{σ(K,ε)≥n}
n∑

k=l

ρk(H(θk−1, Xk)− h(θk−1)), (4.6)

and for any δ ≥ 0 and any M ∈ (M0,M1],

A(δ, ε,M, ρ) := sup
θ∈K0

sup
x∈K

{
Pρ

Φ(x,θ)

[
sup
k≥1

|S1,k(ε, ρ,WM )| > δ

]
+ Pρ

Φ(x,θ)[ν(ε) < σ(WM )]
}

, (4.7)

where K0 is defined in Eq. (3.2), WM , M0 and M1 are defined in (A1).

Proposition 4.2. Assume (A1) and that K0 ⊂ WM0 (where M0 is defined in (A1)). Then for any
M ∈ (M0,M1] there exist an integer n0 and a constant δ0 > 0 such that, for any n > n0, we have

sup
(x,θ)∈K×K0

P̄x,θ[Tn < ∞] ≤
n−1∏

l=n0

sup
q≥l

A(δ0, ε
←q,M, γ←q),

where Tn is defined in Eq. (3.5).
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Proof. By Theorem 2.2, for any M ∈ (M0, M1] there exist constants δ0 > 0 and λ0 > 0 such
that, for all θ0 ∈ WM0 (where M0 is defined in (A1)), all integer m ≥ 1, all sequences {ρk} of non-
negative real numbers and all sequences {ξk} of nθ-dimensional vectors satisfying sup1≤k≤m ρk ≤ λ0 and

sup1≤k≤m

∣∣∣∑k
j=1 ρjξj

∣∣∣ ≤ δ0, we have sup1≤k≤m w(θk) ≤ M , where θk = θk−1 + ρkh(θk) + ρkξk.

Now, choose n0 such that WM ⊂ Kn0 and γn0 ≤ λ0, where λ0 is given in Theorem 2.2. The existence
of such a n0 follows from (i) for all M ∈ (M0,M1], the level set WM is compact and

⋃∞
p=0Kp is an

increasing covering of Θ (ii) γp ↓ 0 as p →∞. We notice that for any l ≥ 0

Tl+1 = Tl + T1 ◦ τTl , (4.8)

where τ denotes the shift operator on the canonical space associated to the chain {Zn}. Consequently,
by the strong Markov property

P̄x,θ[Tl+1 < ∞] = Ēx,θ

[
1{Tl<∞}P̄ZTl

(T1 < ∞)
]
. (4.9)

Using Lemma 4.1, we have

P̄ZTl
{T1 < ∞}1{Tl<∞} = C(XTl

, θTl
, l, ςTl

)1{Tl<∞},

where, for any x, θ ∈ X×Θ and any integers p and q,

C(x, θ, p, q) = Pγ←q

Φ(x,θ) (σ(Kp, ε
←q) < ∞) .

Now, for p ≥ n0, we have WM ⊂ Kn0 ⊂ Kp, showing that for any x, θ ∈ X×Θ and integers p, q ≥ n0,

C(x, θ, p, q) ≤ Pγ←q

Φ(x,θ) [σ(WM ) ∧ ν(ε←q) < ∞]

≤ Pγ←q

Φ(x,θ) [σ(WM ) < ∞, σ(WM ) ≤ ν(ε←q)] + Pγ←q

Φ(x,θ) [ν(ε←q) < σ(WM )] .

By Theorem 2.2, for any integer m ≥ 0 and any integer q ≥ n0, we have

{σ(WM ) = m,m ≤ ν(ε←q)} ⊂
{

sup
k∈{1,...,m}

|S1,k(ε←q, γ←q,WM )| > δ0

}
,

which implies that for any x, θ ∈ X×Θ, any l ≥ n0 and any q ≥ n0

C(x, θ, l, q) ≤ Pγ←q

Φ(x,θ)

(
sup
k≥1

|S1,k(ε←q, γ←q,WM )| > δ0

)
+Pγ←q

Φ(x,θ)(ν(ε←q) < σ(WM )) ≤ A(δ0, ε
←q, M, γ←q).

Combining the results above, we have, noting that ςTl
≥ l,

P̄ZTl
[T1 < ∞]1{Tl<∞} ≤ A(δ0, ε

←ςTl ,M, γ←ςTl )1{Tl<∞} ≤ sup
q≥l

A(δ0, ε
←q,M, γ←q)1{Tl<∞};

the proof now follows from a straightforward backward induction using Eq. (4.9) for l = n0, . . . , n − 1
and n > n0.

Corollary 4.3. Assume (A1) and that K0 ⊂ WM0 (where M0 is defined in (A1)). Then for any
M ∈ (M0,M1] and n ≥ n0, there exists a constant C < ∞ such that for any m ≥ n,

P̄x,θ

[
sup
k≥1

κk ≥ m

]
≤ C

(
sup
q≥n

A(δ0, ε
←q,M, γ←q)

)m

,
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where {κk} is the counter corresponding to the number of reinitialisations defined in Eq. (3.3).

Proof. We have
{

sup
k≥1

κk ≥ m

}
⊂ {Tm < ∞}

and consequently

P̄x,θ

(
sup
k≥1

κk ≥ m

)
≤ P̄x,θ (Tm < ∞) ≤

m−1∏

l=n0

sup
q≥l

A(δ0, ε
←q,M, γ←q)

≤
n−1∏

l=n0

sup
q≥n0

A(δ0, ε
←q, M, γ←q)

m−1∏

l=n

sup
q≥n

A(δ0, ε
←q,M, γ←q) ≤ C

(
sup
q≥n

A(δ0, ε
←q,M, γ←q)

)m

. (4.10)

In the next section we derive conditions on the family of Markov kernels {Pθ, θ ∈ Θ} and on the
sequences ε = {εk} and γ = {γk} which ensure that supq≥n A(δ0, ε

←q, M, γ←q) < 1 for n large enough.
It should be emphasized here that this involves studying only the fluctuations of the canonical “interpro-
jections” processes, i.e. {Y ρ

n } for ρ = γ←ςT0 ,γ←ςT1 ,γ←ςT2 , . . .

5. Control of the fluctuations. Our aim is now to find a bound for A(δ, ε,M, ρ) defined in Eq.
(4.7), which requires the following conditions to hold. Define, for V : X → [1,∞) and g : X → Rnθ the
norm

‖g‖V = sup
x∈X

|g(x)|
V (x)

. (5.1)

Consider the following assumptions

(A3) For any θ ∈ Θ, the Poisson equation g − Pθg = Hθ − πθ(Hθ) has a solution gθ. There exist a
function W : X → [1,∞] such that {x ∈ X,W (x) < ∞} 6= ∅, constants α ∈ (0, 1], p ≥ 2 such that
for any compact subset K ⊂ Θ,
(i)

sup
θ∈K

‖Hθ‖W < ∞, (5.2)

sup
θ∈K

(‖gθ‖W + ‖Pθgθ‖W ) < ∞, (5.3)

sup
(θ,θ′)∈K

|θ − θ′|−α {‖gθ − gθ′‖W + ‖Pθgθ − Pθ′gθ′‖W } < ∞. (5.4)

(ii) there exist constants {Ck, k ≥ 0} such that, for any k ∈ N, for any sequence ρ = {ρk} and
for any x ∈ X,

sup
θ∈K

Eρ
x,θ[W

p(Xk)1{σ(K)≥k}] ≤ CkW p(x), (5.5)

(iii) there exist ε > 0 and a constant C such that for any sequence ρ = {ρk} and for any x ∈ X,

sup
θ∈K

Eρ
x,θ[W

p(Xk)1{σ(K)∧νε≥k}] ≤ CW p(x). (5.6)

where

νε = inf{k ≥ 1, |θk − θk−1| > ε}. (5.7)
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Assumption (A3) states the existence and the regularity of the solutions of Poisson’s equation for the
family of transition kernels {Pθ, θ ∈ Θ}. The conditions stated above are non primitive; a set of more
tractable conditions implying (A3) are given in Section 6. Poisson’s equation has proven to be fundamental
to the analysis of additive functionals of Markov chains, in particular for establishing limit theorems such
as the (functional) central limit theorem (see e.g. [5], [27], [26, chapter 17], [19], [16]); The existence of
solutions to Poisson’s equation is well established for geometrically ergodic Markov chains (see [27], [26,
chapter 17]); it has been more recently proven under assumptions weaker than geometric ergodicity (see
[19, Theorem 2.3]); the regularity of the solution of Poisson’s equation has been studied, under various
ergodicity and regularity conditions on the mapping θ 7→ Pθ by [5], [4]. We stress here on the fact that
the function W is global but that the bounds in Eqs. (5.2), (5.3), (5.4), (5.5) and (5.6) depend on the
particular compact K under consideration. We have

Lemma 5.1. Assume (A3). Let K be a compact subset of Θ and s ∈ N. There exists a constant C
such that for any sequence ε = {εk} satisfying 0 < εk ≤ ε for all k ≥ s (where ε is defined in (A3-iii)),
for any sequence ρ = {ρk} and for any x ∈ X,

sup
θ∈K

sup
k≥0

Eρ
x,θ

[
W p(Xk)1{σ(K,ε)≥k}

] ≤ CW p(x).

Proof. Under (A3), there exists a constant C such that, for any sequence ρ = {ρk} and any x ∈ X
we have

sup
θ∈K

Eρ
x,θ[W

p(Xk)1{σ(K)∧νε≥k}] ≤ CW p(x).

where νε is defined in (5.7). For any sequence ε = {εk} such that εk ≤ ε for any k ≥ s,

Eρ
x,θ[W

p(Xk+s)1{σ(K)∧ν(ε)≥k+s}]

= Eρ
x,θ

[
Eρ←s

Xs,θs
[W p(Xk)1{σ(K)∧ν(ε←s)≥k}1{σ(K)∧ν(ε)≥s}]

]

≤ Eρ
x,θ

[
sup
θ∈K

Eρ←s

Xs,θ[W
p(Xk)1{σ(K)∧νε≥k}1{σ(K)≥s}]

]

≤ CEρ
x,θ[W

p(Xs)1{σ(K)≥s}],

and the proof is concluded by (A3).

Proposition 5.2. Assume (A3). Let K be a compact subset of Θ and let ρ = {ρk} and ε = {εk}
be two non-increasing sequences of positive numbers such that limk→∞ εk = 0. Then, for p as defined in
(A3),

1. There exists a constant C such that, for any (x, θ) ∈ X×K and any integer l, any δ > 0

Pρ
x,θ

(
sup
n≥l

|Sl,n(ε, ρ,K)| ≥ δ

)
≤ Cδ−p





( ∞∑

k=l

ρ2
k

)p/2

+

( ∞∑

k=l

ρkεα
k

)p


 W p(x). (5.8)

2. There exists a constant C such that, for any (x, θ) ∈ X×K ,

Pρ
x,θ (ν(ε) < σ(K)) ≤ C

{ ∞∑

k=1

(ε−1
k ρk)p

}
W p(x). (5.9)
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The proof is in Appendix A. We finally need a condition on the stepsize sequences which will ensure that
A(δ, ε←q,M, ρ←q) → 0 when q →∞.

(A4) The sequences γ = {γk} and ε = {εk} are non-increasing, positive, and satisfy,
∑∞

k=0 γk = ∞,
limk→∞ εk = 0 and

∞∑

k=1

{
γ2

k + γkεα
k + (ε−1

k γk)p
}

< ∞,

where p and α are defined in (A3).

For instance, we may assume that
∑

k≥0 γk = ∞ and
∑∞

k=0 γδ
k < ∞ for some 1 < δ ≤ p(1 + α)/(p + α).

Then, (A4) is verified by setting εk = Cγη
k for some constant C and some η such that

δ − 1
α

≤ η ≤ p− δ

p
.

It is now straightforward to establish the following results:

Proposition 5.3. Assume (A3) and (A4). Then, for any subset K ⊂ X such that supx∈K W (x) < ∞
any M ∈ (M0,M1] and any δ > 0 we have limk→∞A(δ, ε←k,M, γ←k) = 0, where A(δ, ε,M, ρ) is given
by Eq. (4.7).

We may now summarize the discussion above to obtain the following stability result.

Theorem 5.4. Assume (A1) to (A4). Then, for any subset K ⊂ X such that supx∈K W (x) < ∞,
K0 ⊂ WM0 (where M0 is defined in (A1)) and any ρ ∈ (0, 1), there exists a constant C < ∞ such that,
for all (x, θ) ∈ X×Θ,

P̄x,θ

[
sup
n≥1

κn ≥ k

]
≤ Cρk.

Hence, under the stated conditions, the tail probability of the number of reinitialization decreases faster
than any exponential and supn≥1 κn is finite P̄x,θ-a.s. Combining this result with Theorem 2.3, it is
possible to obtain the following global convergence result.

Theorem 5.5. Assume (A1) to (A4). Let K ⊂ X be such that supx∈K W (x) < ∞ and that K0 ⊂ WM0

(where M0 is defined in (A1)), and let {Zn} be as defined by Eq. (3.3). Then, for all (x, θ) ∈ X×Θ, we
have limk→∞ d(θk,L) = 0, P̄x,θ-a.s.

Proof. Define, for k ≥ 1,

Bk = lim sup
l→∞

sup
Tk−1+l≤n

∣∣∣∣∣∣
1{n<Tk}

n∑

j=Tk−1+l

γςj (H(θj−1, Xj)− h(θj−1))

∣∣∣∣∣∣
1{Tk−1<∞},

where ςj and Tk are defined in Section 3. We first show that, for any k and any δ > 0, P̄x,θ(|Bk| ≥ δ) = 0
for all (x, θ) ∈ X×Θ. We have, by the strong Markov property and the definition Eq. (4.6) that for l ≥ 1

P̄x,θ


 sup

Tk−1+l≤n

∣∣∣∣∣∣
1{n<Tk}

n∑

j=Tk−1+l

γςj (H(θj−1, Xj)− h(θj−1))

∣∣∣∣∣∣
1{Tk−1<∞} ≥ δ




≤ Ēx,θ

{
Cl(XTk−1 , θTk−1 , δ,Kk−1, ςTk−1)1{Tk−1<∞}

}
,
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where for any x, θ ∈ X×Θ, any δ > 0, any set K ⊂ Θ and any integer q,

Cl(x, θ, δ,K, q) = Pγ←q

Φ(x,θ)

(
sup
n≥l

|Sl,n(ε←q,γ←q,K)| ≥ δ

)
.

By Proposition 5.2, for any compact subset K, there exists a constant C such that, for all q ≥ 0,

sup
(x,θ)∈X×Θ

Cl(x, θ, δ,K, q) ≤ Cδ−p








∞∑

j=l

γ2
j




p/2

+




∞∑

j=l

γjε
α
j




p




,

which implies that, for all k ≥ 0, P̄x,θ(|Bk| ≥ δ) = 0. Corollary 4.3 and Proposition 5.3 show that, for all
(x, θ) ∈ K×K0, κ = supk κk < ∞ P̄x,θ-a.e. Set, for k ≥ 0, θ̄k = θk+Tκ−1 , γ̄k = γk+ςTκ−1

and

ξk = H(θ̄k−1, Xk+Tκ−1)− h(θ̄k−1), k ≥ 1.

Then, θ̄k = θ̄k−1 + γ̄kh(θ̄k−1) + γ̄kξk and, since Tκ = ∞, for all (x, θ) ∈ K×K0,

lim sup
l→∞

sup
n≥l

∣∣∣∣∣
n∑

k=l

γ̄kξk

∣∣∣∣∣ = Bκ = 0, P̄x,θ − a.e..

The proof follows from Theorem 2.3.

6. Drift conditions. In this section, we give conditions which imply (A3) in terms of a minorisation
of the Markov kernel on a small set and a drift condition toward this small set (see [26] for the definitions
and main results). Denote, for V : X → [1,∞), LV := {g : X → Rnθ , supx∈X ‖g‖V < ∞} where ‖ · ‖V is
defined in Eq. (5.1).

(DRI) For any θ ∈ Θ, Pθ is ψ-irreducible and aperiodic 1. In addition there exist a function V : X →
[1,∞), constants p ≥ 2 and β ∈ [0, 1] such that for any compact subset K ⊂ Θ,

(DRI1) there exist an integer m, constants 0 < λ < 1, b, κ, δ > 0 and a probability measure ν such
that

sup
θ∈K

Pm
θ V p(x) ≤ λV p(x) + b1C(x), (6.1)

sup
θ∈K

PθV
p(x) ≤ κV p(x) ∀x ∈ X, (6.2)

inf
θ∈K

Pm
θ (x,A) ≥ δν(A) ∀x ∈ C, ∀A ∈ B(X). (6.3)

(DRI2) there exists C such that, for all x ∈ X,

sup
θ∈K

|Hθ(x)| ≤ CV (x),

sup
(θ,θ′)∈K

|θ − θ′|−β |Hθ(x)−Hθ′(x)| ≤ CV (x).

(DRI3) there exists C such that, for all (θ, θ′) ∈ K ×K,

‖Pθg − Pθ′g‖V ≤ C ‖g‖V |θ − θ′|β ∀g ∈ LV , (6.4)

‖Pθg − Pθ′g‖V p ≤ C ‖g‖V p |θ − θ′|β , ∀g ∈ LV p . (6.5)

1We use in this article the standard terminology and the notations introduced in [26, Chapter 4,5]
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Assumption (DRI1) is classical in the Markov chain literature; it implies the existence of a stationary
distribution πθ for all θ ∈ Θ and V p-uniform ergodicity, i.e. for each θ ∈ Θ there exist constants Cθ < ∞
and ρθ ∈ [0, 1), such that for any function f ∈ LV p and any integer k > 0

‖P k
θ f − πθ(f)‖V p ≤ Cθρ

k
θ‖f‖V p .

Note that the constants Cθ and ρθ may be bounded over the compact sets of Θ, i.e. for each K ⊂ Θ,
there exists C̄ < ∞ and ρ̄ ∈ [0, 1), such that supθ∈K Cθ ≤ C̄ and supθ∈K ρθ ≤ ρ̄. The regularity of the
kernels θ → Pθ expressed in V and V p norm is naturally less classical. The main result of this section is:

Proposition 6.1. Assume (DRI). Then (A2) and (A3) are satisfied and for any 0 < α < β,

sup
(θ,θ′)∈K×K

|θ − θ′|−α |h(θ)− h(θ′)| < ∞. (6.6)

The proof is in Appendix B.

7. Controlled MCMC algorithm. Markov chain Monte Carlo (MCMC), introduced by [25], is
a popular computational method for generating samples from virtually any distribution π defined on
a space X ⊂ Rnx (for some integer nx). The method consists of simulating an ergodic Markov chain
{Xn, n ≥ 0} on X with transition probability P such that π is a stationary distribution for this chain, i.e
πP = π. The generated samples can then be used in order to estimate integrals of the type

π (ψ) :=
∫

X

ψ (x)π (dx) ,

for some π-integrable function ψ : X → Rnψ , for some integer nψ, using estimators of the type

Sn(ψ) =
1
n

n∑

k=1

ψ(Xk). (7.1)

In general the transition probability P of the Markov chain depends on some tuning parameter, say θ,
defined on some space Θ ⊂ Rnθ for some integer nθ, and the convergence properties of the Monte Carlo
averages in Eq. (7.1) might highly depend on a proper choice of this parameter.

We illustrate this here with the classical Metropolis-Hastings (MH) update, but it should be stressed
at this point that the results presented in this paper apply to much more general settings. The MH
algorithm requires the choice of a proposal distribution q. In order to simplify the discussion, we will here
assume that π and q admit densities with respect to the Lebesgue measure λLeb, denoted with an abuse
of notation π and q hereafter. The rôle of the distribution q consists of proposing potential transitions
y for the Markov chain {Xn}. Given that the chain is currently at x, a candidate y is accepted with
probability α(x, y) defined as

α(x, y) =

{
1 ∧ π(y)

π(x)
q(y,x)
q(x,y) if π(x)q(x, y) > 0

1 otherwise,

where a ∧ b := min(a, b). Otherwise it is rejected and the Markov chain stays at its current location x.
The transition kernel P of this Markov chain takes the form for x,A ∈ X× B(X)

P (x,A) =
∫

A

α(x, y)q(x, y)λLeb(dy) + 1A(x)
∫

X

(1− α(x, y))q(x, y)λLeb(dy). (7.2)

The Markov chain P is reversible with respect to π, and therefore admits π as invariant distribution.
Conditions on the proposal distribution q that guarantee irreducibility and positive recurrence are mild
and many satisfactory choices are possible.
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7.1. Symmetric random walk MH. We focus here on the symmetric increments random-walk
MH algorithm (hereafter SRWM), which corresponds to the case where q(x, y) = q(x − y) for some
symmetric probability density q. Other examples are considered in [2]. The transition kernel of the
SRWM algorithm is then given for x,A ∈ X× B(X) by

P SRW
q (x,A) =

∫

A−x

(
1 ∧ π(x + z)

π(x)

)
q(z)λLeb(dz)+

1A(x)
∫

X−x

(
1−

(
1 ∧ π(x + z)

π(x)

))
q(z)λLeb(dz), x ∈ X, A ∈ B(X), (7.3)

where A−x := {z ∈ X, x+z ∈ A}. A classical choice for the proposal distribution is q = φ0,Γ, where φµ,Γ

is the density of a multivariate normal distribution with mean µ and covariance matrix Γ. We will later
on refer to this algorithm as the N-SRWM. It is well known that either too small or too large a covariance
matrix will result in highly positively correlated Markov chains, and therefore estimators Sn(ψ) with large
variance. In practice this covariance matrix Γ is determined by trial and error, using several realisations
of the Markov chain. This hand-tuning requires some expertise and can be time-consuming.

In order to circumvent this problem, in the context of the N-SRWM update described above, [20]
have proposed to “learn Γ on the fly”. Their algorithm can be summarized as follows (see [20])

µn+1 = µn + γn+1(Xn+1 − µn) n ≥ 0 (7.4)

Γn+1 = Γn + γn+1((Xn+1 − µn)(Xn+1 − µn)T − Γn),

where

• Xn+1 is drawn from Pθn(Xn, ·), where for θ = (µ, Γ), Pθ := P SRW
φ0,λΓ

with λ > 0 a constant
scaling factor depending only on the dimension of the state-space nx and kept constant across
the iterations,

• γ = {γn} is a non-increasing sequence of positive stepsizes such that
∑∞

n=1 γn = ∞ and∑∞
n=1 γ1+δ

n < ∞ for some δ > 0 ([20] have suggested the choice γn = 1/n).

It was realised in [3] that such a scheme is a particular case of a more general framework akin to stochastic
control, combined with the use of the Robbins-Monro procedure. More precisely, let θ = (µ, Γ) ∈ Θ, where
Θ := Rnx × Cnx

+ and Cnx
+ is the cone of positive nx × nx matrices, then

H(x; θ) = (x− µ, (x− µ)(x− µ)T − Γ)T. (7.5)

With this notation, the recursion in Eq. (7.4) may be written in the standard Robbins-Monro form as

θn+1 = θn + γn+1H(Xn+1, θn), n ≥ 0, (7.6)

with Xn+1 ∼ Pθn(Xn, ·). For the present example, assuming that
∫
X
|x|2π(dx) < ∞, one can easily check

that

h(θ) =
∫

X

H(x, θ)π(dx) = (µπ − µ, (µπ − µ)(µπ − µ)T + Γπ − Γ)T, (7.7)

with µπ and Γπ the mean and covariance of the target distribution. It is assumed in the sequel that Γπ is
positive definite. We now analyze the corresponding homogeneous Markov chain {Zn, n ≥ 0} as defined
in Section 3, i.e. prove under mild conditions on π that (A1)-(A3) are satisfied.
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7.2. Condition (A1). In the algorithm described above the parameter estimates µn and Γn take
the form of maximum likelihood estimates under the i.i.d. multivariate normal model. It therefore comes
as no surprise if the appropriate Lyapunov function is

w(µ,Γ) = −
∫

X

log
(

π(x)
φ0,Γ(x)

)
π(dx), (7.8)

the Kullback-Leibler divergence between the target density π and a normal density φ0,Γ.

Proposition 7.1. Let h be as defined in Eq. (7.7) where π satisfies (M). Then (A1) is satisfied with
w as in Eq. 7.8. Furthermore L is reduced to a single point, θπ := (µπ, Γπ).

Proof. h is naturally continuous (and as we shall see later is in fact Lipschitz continuous under (DRI)
from Proposition 6.1). Now w is equal, up to multiplicative and additive constants, to

log detΓ + (µ− µπ)TΓ−1(µ− µπ) + Tr(Γ−1Γπ). (7.9)

Using straightforward algebra, one can show that there exists a constant C > 0 such that

C
〈
∇w(µ, Γ), h(µ, Γ)

〉
= −2(µ− µπ)TΓ−1(µ− µπ)

− Tr(Γ−1(Γ− Γπ)Γ−1(Γ− Γπ))− (
(µ− µπ)TΓ−1(µ− µπ)

)2
, (7.10)

that is
〈
∇w(θ), h(θ)

〉
≤ 0 for any θ = (µ, Γ) ∈ Θ, with equality if and only if Γ = Γπ and µ = µπ. As

w(Θ) = [w(µπ, Γπ),∞) and w is continuous, any w(µπ, Γπ) < M0 < M1 < ∞ satisfy (A1-i) and (A1-ii),
and (A1-iii) is automatically satisfied. Now as the set of stationary points L is reduced to a single point,
(A1-iv) is also satisfied.

7.3. Condition (A3). In order to check (A3) in this case, we check (DRI). The geometric ergodicity
of the RWMH kernel has been studied by [29] and refined in [22]; the regularity of the RWMH has, to
the best of our knowledge, not been considered in the literature. The geometric ergodicity of the RWMH
kernel mainly depends on the tail properties of the target distribution π. We will therefore restrict our
discussion to target distributions that satisfy the following set of conditions. These are not minimal but
easy to check in practice (see [22] for details).

(M) The probability density π has the following properties:
(i) It is bounded, bounded away from zero on every compact set and continuously differentiable.
(ii) It is super-exponential, i.e.

lim
|x|→+∞

〈
x

|x| ,∇ log π (x)
〉

= −∞.

(iii) The contours ∂A (x) = {y : π(y) = π(x)} are asymptotically regular, i.e.

lim
|x|→+∞

sup
〈

x

|x| ,
∇π (x)
|∇π (x)|

〉
< 0.

Note that this condition implicitely implies the existence and finiteness of µπ and Γπ. We now establish
uniform minorisation and drift conditions for P SRW

q defined in Eq. (7.3). Let M(X) denote the set of
probability densities w.r.t. the Lebesgue measure λLeb. Let ε > 0 and δ > 0 and define the subset
Kδ,ε ⊂M(X),

Kδ,ε = {q ∈M(X), q(z) = q(−z) and |z| ≤ ε ⇒ q(z) ≥ δ} . (7.11)

Proposition 7.2. Assume (M). For any η ∈ (0, 1), set W = π−η/(infX π−η). Then,
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1. Any non-empty compact set C ⊂ X is a (1,δ)-small set for some δ > 0 and some measure ν,

∀(x, A) ∈ C× B(X) inf
q∈Kδ,ε

P SRW
q (x,A) ≥ δν(A). (7.12)

2. Furthermore, for any δ > 0 and ε > 0,

sup
q∈Kδ,ε

lim sup
|x|→+∞

P SRW
q W (x)
W (x)

< 1, (7.13)

sup
(x,q)∈X×Kδ,ε

P SRW
q W (x)
W (x)

< +∞. (7.14)

3. Let q, q′ ∈ M(X) be two symmetric probability distributions. Then, for any r ∈ [0, 1] and any
g ∈ LW r we have

∥∥P SRW
q g − P SRW

q′ g
∥∥

W r ≤ 2 ‖g‖W r

∫

X

|q(z)− q′(z)|λLeb(dz). (7.15)

Proof. For any x ∈ X, define the acceptance region A(x) = {z ∈ X − x; π(x + z) ≥ π(x)} and the
rejection region R(x) = {z ∈ X − x; π(x + z) < π(x)}. From the definition (7.11) of Kδ,ε [29, Theorem
2.2] applies for any q ∈ Kδ,ε and we can conclude that (7.12) is satisfied. Noting that the two sets A(x)
and R(x) do not depend on the proposal distribution q and using the conclusion of the proof of Theorem
4.3 of [22] we have

inf
q∈Kδ,ε

lim inf
|x|→+∞

∫

A(x)

q(z)λLeb(dz) > 0,

so that from the conclusion of the proof of Theorem 4.1 of [22],

sup
q∈Kδ,ε

lim sup
|x|→+∞

P SRW
q W (x)
W (x)

= 1− inf
q∈Kδ,ε

lim inf
|x|→+∞

∫

A(x)

q(z)λLeb(dz) < 1,

which proves (7.13). Finally, for any q ∈ Kδ,ε,

P SRW
q W (x)
W (x)

=
∫

A(x)

π(x + z)−η

π(x)−η
q(z)λLeb(dz) +

∫

R(x)

(
1− π(x + z)

π(x)
+

π(x + z)1−η

π(x)1−η

)
q(z)λLeb(dz)

≤ sup
0≤u≤1

(1− u + u1−η),

which proves (7.14). Now notice that

P SRW
q g(x)− P SRW

q′ g(x) =
∫

X

α(x, x + z)(q(z)− q′(z))g(x + z)λLeb(dz)+

g(x)
∫

X

α(x, x + z)(q′(z)− q(z))λLeb(dz).

We therefore focus, for r ∈ [0, 1] and g ∈ LW r , on the term
∣∣∫

X
α(x, x + z)(q(z)− q′(z))g(x + z)λLeb(dz)

∣∣
‖g‖W r W r(x)

≤
∫
X

α(x, x + z)|q(z)− q′(z)|W r(x + z)λLeb(dz)
W r(x)

=

=
∫

A(x)

π(x + z)−rη

π(x)−rη
|q(z)− q′(z)|λLeb(dz) +

∫

R(x)

π(x + z)1−rη

π(x)1−rη
|q(z)− q′(z)|λLeb(dz)

≤
∫

X

|q(z)− q′(z)|λLeb(dz).
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We now conclude that for any x ∈ X and any g ∈ LW r ,

|P SRW
q g(x)− P SRW

q′ g(x)|
W r(x)

≤ 2 ‖g‖W r

∫

X

|q(z)− q′(z)|λLeb(dz).

One can specialise the regularity property (7.15) to the N-SRWM, where the proposal distribution
qθ is a zero-mean normal distribution with covariance matrix Γ, and for simplicity we set qΓ := φ0,Γ.

Lemma 7.3. Let K be a convex compact subset of Cnx
+ and set W = π−η/(infX π)−η for some

η ∈ (0, 1). For any r ∈ [0, 1], any Γ, Γ′ ∈ K ×K, g ∈ LW r , we have

∥∥∥P SRW
qΓ

g − P SRW
qΓ′

g
∥∥∥

W r
≤ 2nx

λmin(K)
‖g‖W r |Γ− Γ′|, (7.16)

where λmin(K) is the minimum possible eigenvalue for matrices in K.

Proof. We have

∫

X

|qΓ(z)− qΓ′(z)|dz =
∫

X

∣∣∣∣
∫ 1

0

d

dv
qΓ+v(Γ′−Γ)(z)dv

∣∣∣∣ dz

and let Γv = Γ + v(Γ′ − Γ), so that

d

dv
log qΓ+v(Γ′−Γ)(z) = −1

2
Tr

[
Γ−1

v (Γ′ − Γ) + Γ−1
v zzTΓ−1

v (Γ′ − Γ)
]

and consequently

∫

X

∣∣∣∣
∫ 1

0

d

dv
qΓ+v(Γ′−Γ)(z)dv

∣∣∣∣ dz ≤ |Γ′ − Γ|
∫ 1

0

|Γ−1
v |dv ≤ nx

λmin(K)
|Γ′ − Γ|,

where we have used the following inequality,

|Tr[Γ−1
v zzTΓ−1

v (Γ′ − Γ)]| ≤ |Γ′ − Γ|Tr[Γ−1
v Γ−1

v zzT].

Corollary 7.4. For any compact subset K of Cnx
+ , there exists C < ∞ such that

∥∥∥P SRW
qΓ

g − P SRW
qΓ′

g
∥∥∥

W r
≤ C ‖g‖W r |Γ− Γ′|. (7.17)

7.4. Convergence of the adaptive MCMC algorithm. The main result of this section is:

Theorem 7.5. Let π ∈M(X) satisfying (M). Let {Zn} be the homogenous Markov chain be defined
as in Section 3, with H as in Eq. (7.5), Pθ := P SRW

φ0,λΓ
for some λ > 0 with θ = (µ, Γ) ∈ Θ = Rnx × Cnx

+ ,
K a compact set, and γ = {γn} and ε = {εn} satisfying (A4). Then, (A1) to (A3) are satisfied for any
K0 and θn → θπ w.p. 1, where θπ := (µπ, Γπ) is the unique stationary point of {θn}.

Proof. (A1) is implied by Proposition 7.1. (A2) is satisfied by construction of Pθ, from (M) and the
definition of H in Eq. (7.5). Now we prove that (DRI) is satisfied. Choose V p = W = π−η/ infX π−η for
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p ≥ 2 in Proposition 7.2: then (DRI1) and (DRI3) are satisfied. Now (DRI2) is satisfied since from Eq.
(7.5)

|Hθ(x)−Hθ′(x)| ≤ |µ− µ′|{1 + |µ + µ′|+ 2|x|}+ |Γ− Γ′|, (7.18)

and ‖x‖W + ‖|x|2‖ < ∞ from (M). Theorem 5.5 now applies.

This result is an important step for the study of the asymptotic properties of {Sn} in [2], in particular
the proof that {Sn} satisfies a central limit theorem.

8. Acknowledgements. The authors would like to thank Stas Volkov and Sumeetpal Singh for
their careful reading of parts of the paper and their helpful comments.

Appendix A. Proof of Proposition 5.2. Denote

D(ε, ρ,K, x) = sup
k≥1

sup
θ∈K

Eρ
x,θ[W

p(Xk)1{σ(K)∧ν(ε)≥k}].

We first consider the case l = 1. Denote

Tn =
n∑

k=1

ρk

(
gθk−1(Xk)− Pθk−1gθk−1(Xk)

)
1{σ(K)∧ν(ε)≥k},

Using 1{σ(K)∧ν(ε)≥k} = 1{σ(K)∧ν(ε)≥k+1} + 1{σ(K)∧ν(ε)=k}, we may write Tn =
∑5

i=1 T
(i)
n where

T (1)
n =

n∑

k=1

ρk

(
gθk−1(Xk)− Pθk−1gθk−1(Xk−1)

)
1{σ(K)∧ν(ε)≥k}, (A.1)

T (2)
n =

n−1∑

k=1

ρk+1

(
Pθk

gθk
(Xk)− Pθk−1gθk−1(Xk)

)
1{σ(K)∧ν(ε)≥k+1}, (A.2)

T (3)
n =

n−1∑

k=1

(ρk+1 − ρk)Pθk−1gθk−1(Xk) 1{σ(K)∧ν(ε)≥k+1}, (A.3)

T (4)
n = ρ1Pθ0gθ0(X0) 1{σ(K)∧ν(ε)≥1} − ρnPθn−1gθn−1(Xn) 1{σ(K)∧ν(ε)≥n}, (A.4)

T (5)
n = −

n−1∑

k=1

ρkPθk−1gθk−1(Xk) 1{σ(K)∧ν(ε)=k}. (A.5)

We now evaluate bounds for T
(i)
n , i = 1, . . . , 4. In the sequel C denotes a constant which depends only

upon the compact set K through the quantities defined in the assumptions and whose value may change
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upon each appearance. We have

sup
θ∈K

Eρ
θ,x

[
sup
n≥0

∣∣∣T (1)
n

∣∣∣
p
]
≤ C

( ∞∑

k=0

ρ2
k

)p/2

sup
θ∈K

sup
k
Eρ

x,θ

[
W p(Xk)1{σ(K)∧ν(ε)≥k}

]
, (A.6)

sup
θ∈K

Eρ
θ,x

[
sup
n≥0

∣∣∣T (2)
n

∣∣∣
p
]
≤ C

( ∞∑

k=1

ρkεα
k

)p

sup
θ∈K

sup
k
Eρ

x,θ

[
W p(Xk)1{σ(K)∧ν(ε)≥k}

]
, (A.7)

sup
θ∈K

Eρ
θ,x

[
sup
n≥0

∣∣∣T (3)
n

∣∣∣
p
]
≤ Cρp

1 sup
θ∈K

sup
k
Eρ

x,θ

[
W p(Xk)1{σ(K)∧ν(ε)≥k}

]
, (A.8)

sup
θ∈K

Eρ
θ,x

[
sup
n≥0

∣∣∣T (4)
n

∣∣∣
p
]
≤ C

( ∞∑

k=1

ρ2
k

)p/2

sup
θ∈K

sup
k
Eρ

x,θ

[
W p(Xk)1{σ(K)∧ν(ε)≥k}

]
. (A.9)

The proof of these inequalities can be adapted from [5, Part II, Section 3.2] - see also [4], Chapter 6,
Lemma 6.2-6.4.

Proof of (A.6). Under (A3),

sup
θ∈K

Eρ
x,θ

[
(|gθk

(Xk+1)|p + |Pθk
gθk

(Xk+1)|p)1{σ(K)∧ν(ε)≥k+1}
] ≤ CD(ε, ρ,K, x).

Since

Eρ
x,θ

[
(gθk

(Xk+1)− Pθk
gθk

(Xk))1{σ(K)∧ν(ε)≥k+1}
∣∣ Fk] =

(Pθk
gθk

(Xk)− Pθk
gθk

(Xk))1{σ(K)∧ν(ε)≥(k+1)} = 0,

T
(1)
n is a (Rd-valued) martingale. Using the Burkholder inequality ([21], Theorem 2.10), we have

Eρ
x,θ

[∣∣∣T (1)
n

∣∣∣
p]
≤ CpEρ

x,θ

(
n−1∑

k=0

ρ2
k+1|gθk

(Xk+1)− Pθk
gθk

(Xk)|21{σ(K)∧ν(ε)≥k+1}

)p/2

, (A.10)

where Cp is a universal constant. Using Minkowski’s inequality and supθ∈K(‖gθ‖V + ‖Pθgθ‖V ) < ∞,
(A3), we have

Eρ
x,θ

[∣∣∣T (1)
n

∣∣∣
p]
≤ C

( ∞∑

k=1

ρ2
k

)p/2

D(ε,ρ,K, x).

Since T
(1)
n is a martingale in Lp, then |T (1)

n | is a non-negative submartingale in Lp and Doob’s Lp

inequality implies that

Eρ
x,θ

[
sup
n≥1

∣∣∣T (1)
n

∣∣∣
p
]
≤ C

( ∞∑

k=1

ρ2
k

)p/2

D(ε, ρ,K, x),

which concludes the proof of (A.6).
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Proof of (A.7). Under (A3), we have

sup
n≥1

∣∣∣∣∣
n−1∑

k=1

ρk+1

(
Pθk

gθk
(Xk)− Pθk−1gθk−1(Xk)

)
1{σ(K)∧ν(ε)≥k+1}

∣∣∣∣∣

≤ C

∞∑

k=0

ρk+1W (Xk) |θk − θk−1|α 1{σ(K)∧ν(ε)≥k+1},

≤ C

∞∑

k=0

ρk+1ε
α
k W (Xk) 1{σ(K)∧ν(ε)≥k+1}.

We conclude the proof by applying Minkowski’s inequality.

Proof of (A.8). Under (A3),

sup
n≥1

∣∣∣∣∣
n−1∑

k=1

(ρk+1 − ρk)Pθk−1gθk−1(Xk) 1{σ(K)∧ν(ε)≥k+1}

∣∣∣∣∣ ≤ C

∞∑

k=1

(ρk − ρk+1)W (Xk)1{σ(K)∧ν(ε)≥k+1},

and the proof follows from Minkowski’s inequality.

Proof of (A.9). Under (A3),

sup
n≥1

∣∣ρ1Pθ0gθ0(X0)1{σ(K)∧ν(ε)≥1} − ρnPθn−1gθn−1(Xn)1{σ(K)∧ν(ε)≥n}
∣∣p ≤

C

(
ρp
1W

p(X0) 1{σ(K)∧ν(ε)≥1} + sup
n≥1

ρp
nW p(Xn)1{σ(K)∧ν(ε)≥n}

)
≤ C

∞∑

k=1

ρp
kW p(Xk)1{σ(K)∧ν(ε)≥k}.

The proof follows from (A3), the inequality
∑n

k=1 ρp
k ≤

(∑n
k=1 ρ2

k

)p/2 for p ≥ 2.

Since T
(5)
n 1{σ(K)∧ν(ε)≥n} = 0, we have

S1,n(ε, ρ,K) = Tn1{σ(K)∧ν(ε)≥n} =
4∑

i=1

T (i)
n 1{σ(K)∧ν(ε)≥n}.

The Markov inequality and Lemma 5.1 imply that

Pρ
x,θ

(
sup
n≥1

|S1,n(ε,ρ,K)| ≥ δ

)
≤ Cδ−p





( ∞∑

k=1

ρ2
k

)p/2

+

( ∞∑

k=1

ρkεα
k

)p


W p(x). (A.11)

The proof for all l then follows from the Markov property: for all (x, θ) ∈ X×K,

Pρ
x,θ

(
sup
n≥1

|Sl+1,n(ε,ρ,K)| ≥ δ

)
= Eρ

x,θ

(
Pρ←l

Xl,θl

(
sup
n≥1

|S1,n(ε←l, ρ←l,K)| ≥ δ

)
1{σ(K)∧ν(ε)≥l}

)

≤ Eρ
x,θ

(
sup
θ∈K

Pρ←l

Xl,θ

(
sup
n≥1

|S1,n(ε←l,ρ←l,K)| ≥ δ

)
1{σ(K)∧ν(ε)≥l}

)
.

Since the sequence ε is non-increasing, there exists an integer s such that for all l and all k ≥ s, ε←l
k ≤ ε,

for all k ≥ s (where ε is defined in (A3)) and Lemma 5.1 shows that there exists a constant C such that
for any l, for any x ∈ X and any monotone non-increasing sequence ρ,

sup
θ∈K

sup
k≥0

Eρ←l

x,θ [W p(Xk)1{σ(K)∧ν(ε←l)≥k}] ≤ CW p(x).
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The proof follows from (A.11).

It remains to bound Pρ
x,θ(ν(ε) < σ(K)) ≤ Pρ

x,θ(ν(ε) ≤ σ(K)).

Pρ
x,θ(ν(ε) ≤ σ(K)) =

∞∑

k=1

Pρ
x,θ(ν(ε) = k, σ(K) ≥ k)

=
∞∑

k=1

Pρ
x,θ

(|H(θk−1, Xk)| ≥ εkρ−1
k , σ(K) ≥ k, ν(ε) = k

)

≤ C

∞∑

k=1

(ε−1
k ρk)p sup

k≥0
sup
θ∈K

Eρ
x,θ[W

p(Xk)1{σ(K)∧ν(ε)≥k}].

The proof follows from Lemma 5.1.

Appendix B. Proof of Proposition 6.1. The following proposition is a (partial) restatement of
[15, Theorem 1] (see also [Theorem 2.3][26]).

Proposition B.1. Suppose that P is irreducible and aperiodic and that Pm(x, ·) ≥ 1C(x)δν(·) for a
set C ∈ B(X), some integer m and δ > 0 and that there is a drift to C in the sense that, for some λ < 1,
b and a function V : X → [1,∞),

PV (x) ≤ λV (x) ∀x 6∈ C and sup
x∈C

(V (x) + PV (x)) ≤ b. (B.1)

Then, there exist constants K and ρ < 1, depending only upon m, δ, λ, b, such that, for all x ∈ X, and all
g ∈ LV

‖P kg − π(g)‖V ≤ Kρn ‖g‖V . (B.2)

In addition, u =
∑

n≥0(P
kg − π(g)) is a solution of the Poisson equation u− Pu = g − π(g).

[26, Theorem 2.3] is stated in the strongly aperiodic case, i.e. where C is a (1, δ) small set. Explicit
but intricate expressions for K and ρ (in terms of the constants m, δ, λ, b) are given in this reference.
Partial extensions to the general aperiodic case is considered in [26, Theorem 2.4], based on splitting and
regeneration techniques. Sharper and simpler bounds have been recently obtained in [15] using coupling
technique. This result extends to V -norm results obtained earlier for the total variation distance by [31]
(see also [30]). These results have been derived in the strongly aperiodic case; extensions to the general
aperiodic case can be considered in the same framework.

Proposition B.2. Assume (DRI1)-(DRI3). Then, there exist a constant C and ρ < 1 such that,
for all g ∈ LV q , with q = 1 or q = p and any k ≥ 0

sup
θ∈K

‖P k
θ g − πθ(g)‖V q ≤ Cρk‖g‖V q , (B.3)

sup
(θ,θ′)∈K×K

|θ − θ′|−β‖P k
θ g − P k

θ′g‖V q ≤ C‖g‖V q . (B.4)

Proof. Eq. (B.3) follows from Proposition B.1. To prove (B.4) write, for all (θ, θ′) ∈ Θ×Θ, all n ∈ N,
and all g ∈ LV q

Pn
θ g(x) − Pn

θ′g(x) =
n−1∑

j=0

P j
θ (Pθ − Pθ′)P

n−j−1
θ′ g(x) =

n−1∑

j=0

P j
θ (Pθ − Pθ′)(P

n−j−1
θ′ g(x) − πθ′(g)).
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Eq. (B.3) shows that there exists a constant C such that, for any l ≥ 0,

sup
θ∈K

‖P l
θg − πθ(g)‖V q ≤ C‖g‖V q ρl and sup

j≥0
sup
θ∈K

‖P j
θ V q‖V q < ∞.

Under assumption (DRI3) we thus have, for any l ≥ 0,

‖(Pθ − P ′θ)(P
l
θ′g(x) − πθ′(g))‖V q ≤ C|θ − θ′|β‖(P l

θ′g(x) − πθ′(g))‖V q ≤ C|θ − θ′|β‖g‖V qρl,

which concludes the proof.

Proof of Proposition 6.1. Under (DRI1), Pθ is positive recurrent and admits a single stationary
measure πθ, which verifies supθ∈K πθ(V p) < ∞ which implies that supθ∈K |h(θ)| < ∞.

Proof. [Proof Eq. (6.6)] Let x0 ∈ X and k ∈ N. Write h(θ) − h(θ′) = A(θ, θ′) + B(θ, θ′) + C(θ, θ′)
where

A(θ, θ′) =
(
h(θ)− P k

θ Hθ(x0)
)

+
(
P k

θ′Hθ′(x0)− h(θ′)
)
, (B.5)

B(θ, θ′) = P k
θ Hθ(x0)− P k

θ′Hθ(x0), (B.6)

C(θ, θ′) = P k
θ′Hθ(x0)− P k

θ′Hθ′(x0). (B.7)

Propositions B.1 and B.2 show that there exist constants C and ρ < 1 such that, for all (θ, θ′) ∈ K ×K,

|A(θ, θ′)| ≤ C ρk sup
θ∈K

‖Hθ‖V V (x0),

|B(θ, θ′)| ≤ C sup
θ∈K

‖Hθ‖V |θ − θ′|β V (x0),

|C(θ, θ′)| ≤
∫

X

P k
θ′(x0, dy)|Hθ(y)−Hθ′(y)| ≤ C|θ − θ′|β

∫

X

P k
θ′(x0, dy)V (y) ≤ C|θ − θ′|β V (x0).

Hence, there exists a constant C such that, for all (θ, θ′) ∈ K ×K,

|h(θ)− h(θ′)| ≤ C V (x0) (ρk + |θ − θ′|β). (B.8)

The proof is concluded by setting k = [β log |θ − θ′|/ log(ρ)] (where [x] is the integer part of x) if
|θ − θ′| ≤ δ < 1 and k = 1 otherwise.

Proof. [Proof of Eq. (5.4)] Using Eq.(6.6), Proposition B.1 and B.2, there exists a constant C such
that, for all (θ, θ′) ∈ K we have

|(P k
θ Hθ(x)− h(θ))− (P k

θ′(x)Hθ′(x)− h(θ′))| ≤
|P k

θ Hθ(x)− P k
θ Hθ′(x)|+ |P k

θ Hθ′(x)− P k
θ′Hθ′(x)|+ |h(θ)− h(θ′)| ≤ C|θ − θ′|βV (x).

On the other hand, by Proposition B.1, there exist constants ρ < 1 and C such that, for all (θ, θ′) ∈ K×K,

|(P k
θ Hθ(x)− h(θ))− (P k

θ′Hθ′(x)− h(θ′))| ≤ CρkV (x).

Hence, for any s and N ≥ s, we have

|P s
θ gθ(x)− P s

θ′gθ′(x)| ≤
∞∑

k=s

|(P k
θ Hθ(x)− h(θ))− (P k

θ′(x)− h(θ′))| ≤ CV (x)
{

N |θ − θ′|β +
ρN+s

1− ρ

}
.



STABILITY OF STOCHASTIC APPROXIMATION 27

The proof follows by setting N = [β log |θ − θ′|/ log ρ], for |θ − θ′| ≤ δ < 1, θ 6= θ′, N = s otherwise, and
using the fact that for any 0 < α < β, |θ − θ′|β log |θ − θ′| = o(|θ − θ′|α).

Proof. [Proof Eq. (5.6)] Let ρ = {ρk, k ≥ 0} be a non-increasing sequence of positive numbers and
let K be a compact subset of Θ. (DRI1), Eq. (6.2) shows that, for all k ≥ 0, l ≥ 0, all x ∈ X,

sup
θ∈K

Eρ
x,θ

[
V p(Xk+l)1{σ(K)≥k+l} | Fk

] ≤ κlV p(Xk)1{σ(K)≥k}. (B.9)

We will show that there exist constants ε > 0, 0 < ρ < 1 and C such that, for all k

Eρ
x,θ

[
V p(Xk+m)1{σ(K)∧νε≥k+m} | Fk

] ≤ ρV p(Xk)1{σ(K)∧νε≥k} + C. (B.10)

For n ∈ N, write n = um + v, where v ∈ {0, . . . , m− 1}. (B.10) shows that

Eρ
x,θ

[
V p(Xum+v)1{σ(K)∧νε≥um+v}

] ≤ ρuEρ
x,θ[V

p(Xv)1{σ(K)∧νε≥v}] +
C

1− ρ

and the proof follows from (B.9). It remains to prove (B.10). We repeatedly use the following lemma
adapted from [5] (Lemma 3, p. 292.)

Lemma B.3. Assume (DRI). Let ψ : Θ×X → R be a function verifying supθ∈K ‖ψθ‖V p < ∞. Then,
for any ε > 0, for any l ≥ 1 there exist a constant C such that, for all k ≥ 0,

Eρ
x,θ

[
ψθk

(Xk+l)1{σ(K)∧νε≥k+l} | Fk

] ≤ Eρ
x,θ

[
Pθk

ψθk
(Xk+l−1)1{σ(K)∧νε≥k+l−1} | Fk

]

+ Cκlεα sup
θ∈K

‖ψθ‖V p V p(Xk)1{σ(K)∧νε≥k}.

Proof.

Eρ
x,θ

[
ψ(θk, Xk+l)1{σ(K)∧νε≥k+l} | Fk

]
= Eρ

x,θ

[
Pθk+l−1ψθk

(Xk+l−1)1{σ(K)∧νε≥k+l} | Fk

]

= Eρ
x,θ

[
Pθk

ψθk
(Xk+l−1)1{σ(K)∧νε≥k+l} | Fk

]
+ Rl

where

Rl = Eρ
x,θ

[
(Pθk+l−1 − Pθk

)ψθk
(Xk+l−1)1{σ(K)∧νε≥k+l} | Fk

]
.

Under (DRI3), there exists a constant C such that for all x ∈ X

|(Pθk+l−1 − Pθk
)ψθk

(x)1{σ(K)∧νε≥k+l} |≤ C sup
θ∈K

‖ψθ‖V p V p(x)(lε)α1{σ(K)∧νε≥k+l}.

Finally, (DRI1) implies that

Eρ
x,θ

[
V p(Xk+l−1)1{σ(K)∧νε≥k+l} | Fk

] ≤ κlV p(Xk)1{σ(K)∧νε≥k},

which implies

|Rl| ≤ Cκl (lε)α sup
θ∈K

‖ψθ‖V p V p(Xk)1{σ(K)∧νε≥k}.
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Using repeatedly the lemma above, we may write

Eρ
x,θ

[
V p(Xk+m)1{σ(K)∧νε≥k+m} | Fk

]

≤ Eρ
x,θ

[
Pθk

V p(Xk+m−1)1{σ(K)∧νε≥k+m−1} | Fk

]
+ CmεαV p(Xk)1{σ(K)∧νε≥k}

≤ Eρ
x,θ

[
P 2

θk
V p(Xk+m−2)1{σ(K)∧νε≥k+m−2} | Fk

]
+ (Cm + Cm−1κ)εαV p(Xk)1{σ(K)∧νε≥k}

...

≤ Pm
θk

V p(Xk)1{σ(K)∧νε≥k} +

(
m−1∑

i=0

Cm−iκ
i

)
εαV p(Xk)1{σ(K)∧νε≥k}.

The proof follows from (DRI) for ε sufficiently small.
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