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Abstract

In this short note we present a proof, aimed at beginners, of the convergence of the stochastic
approximation recursion 641 = 6; +v; 1 h(6:) + ;1€ under the classical O-level Kushner-Clark noise
condition when the underlying dynamic is Lyapunov stable. The technique of proof relies on simple
calculus arguments and bypasses the need for the introduction of the associated continuous time ODE.
Future work includes the extension of the result to the case where the 0-level Kushner-Clark condition
is replaced with a r-level condition for r > 0 [2].

We study the convergence of the recursion

i1 =0i +vip17(0:) + Vir18i1,

for a given function h : © — R"™ | a sequence of stepsizes {v;} and a noise sequence {;} under simple and
verifiable conditions. We define for any 7" > 0

J
m(n,T) := max{j >n: Z oz ST}

i=n+1

n

with the convention that for any sequence {a;}, > ;"

a; = 0. The required conditions are as follows:
Condition 1 We work here with the following assumptions:
1. © is an open subset of R™ for some integer ng > 1.

2. h: © — R™ s continuous and there exists a continuously differentiable function w : © — [0,400)
such that:

(a) L:={0:(Vw(0),h(d)) =0} is non-empty.

(b) For any 0 € © \ L, (Vw(),h(9)) <0,

(¢) The closure of w (L) has an empty interior.
3. {7} CRY and ;% v, = +o0 and lim;_, y; = 0.
4. {6;} C K for some compact set K CO such that KN L # 0.
5. For anyT >0

k
lim sup sup Z vi€i| = 0. (1)
n—oo n<k<m(n,T) i=n+1

We define for any n > 0, Z;, 1= SUp,, << (n,1) ’Ef:nﬂ "yifi’. Following [1] we prove that these conditions
are sufficient to ensure the convergence of {6;} to £. We will use the following notation: for any 6 > 0 and
K C O we define K5 = {z € ©:d(z,K) <}, where d(z,K) := inf{|lz —y|,y € L}. For ¢ : © — R"*
will denote ||¢||, = sup,ex [¢(z)]. For a,b > 0 we define ¢(a,b) := [0,a] x [0,b]. Our main result is that
lim; o d(6;, L) = 0. We preface the main result with several intermediate lemmas.

The following result is proved in Lemma 2.1 of [1].



Lemma 2 Assume Condition 1. Then for any compact set K C © such that 0 < infgex |(Vw, k)| and any
€ > —supgex (Vw, h) there exists A > 0 and 8 > 0 such that for any p,|&| € (A, B) and 8 € K we have
w (0 + ph (0) + p€) < w (6) — pe.

We adapt Lemma 2.4 of [1] to the weak noise condition.
Lemma 3 Assume Condition 1. Let N C © be an open neighbourhood of L N K.Then there exist positive
constants 0g,0 < 8o, € and X (depending only on the set N), such that for any &' € (0,6], any X € (0, )]
and any T > 0 one can find an integer N and define sequences {{9,'7,”}»0 C Ks C @} . such that for
> n>

anyn > N ~
sup }Gj — ¢9j7n| <d&, v, <N and
n<j<m(n,T)

w(0jn) <w(0j—1n) — v e for all integers j € {n+1,...,mn,T) ANTn (n)},
where 7xr (n) :=inf{k:n <k <mn,T),0k, ¢ N}.
Proof. Let o > 0 be such that K5, C ©. The set K5, \ N is compact and supi, . (Vw,h) < 0. By

Lemma 2.1 in [1], choosing € > 0 such that SUPKC, N (Vw,h) < —¢, one may find A > 0 and 8 > 0 small
enough so that for any (p, [¢]) € ¢()\, ) and 0 € K5, ~ N

w (6 + ph(0) + p¢) < w(0) — pe. (2)

Now one may choose 0 < § < &g such that for all (9, 9) € K x K5 satisfying |0 — 0] < 6,
|h(8) = h(O)] < B (3)

from the uniform continuity of 2 on K. Under Eq. (1), for any (X', 4") € ¢(X,8) and T > 0 there exists an
integer N = N (X', ¢") such that for any n > N we have (v,,,Z,) € ¢(X',d'). Now for any n > N we define
{@zn} as én,n = 9n7 _ _

Oin = Oi—1,n +7;7(0i-1), (4)
forn+1<i<m(n,T), and @,n = 0 otherwise. By construction, for n + 1 < i < m(n,T) we have

i

ei_@i,n = Z ’yjé-]a

j=n+1

which implies that for any n > N, Sup,<;<m(n,1) |9j — 9j,n’ < ¢'. The two first statements of the lemma
follow. On the other hand, for any n > N and n+ 1 < < m(n,T) we have

i = Oi10 4+ vih(0i1.0) + i (R(Bi—1) — h(Bi—1.n)) , (5)

and since |6;-1 — 92-_1,n| < ¢ <6, Eq. (3) implies that |h(6’i_1) — h(éi—l,n)| < (. Consequently Eq. (2)
implies that whenever 91-_17” eEs N, w (@n) <w (91-_17”) — ~,€, which concludes the proof. m

Lemma 4 Under Condition 1, the limit points of {w(0;)} belong to w (L NK).

Proof. For any a > 0 define the set [w(£LNK)], ={z € R:d(z,w(LNK)) < a} and let > 0 be such that
for 0,0" € Ks such that [0 — 6’| <n, |w () —w (8")| < /8 - such a 7 exists since w is continuous and Ks is
a compact set. Since [|wl| < +o0, for any o > 0, [w(£ N K)], is a finite union of disjoint closed intervals of
length at least 2c. For any integer n, we define 7, (n) :=inf {k:n <k <m(n,T) : w (O,n) ¢ [w(LNK)],}
and 04 (n) :=inf{k >n:0; ¢ [w(LNK)],}, with the convention that inf {}} = +oc.

For any @ > 0 defi ne N := {9 eR:w(f) e wlLn K)]a/4} and apply Lemma 3 for A" < {n/ (2||h )} A
A 0<d <8A{n/2} and T* = 2||w]|,, /e, where §,d0,¢ and A are defined in Lemma 3. This together with

Condition 1 shows the existence of an integer N = N()\',§") and sequences {{éiﬂl}po} satisfying for

n>N
any n > N
k
sup [0; 0| =  sup Soov&| <8y, <N,
n<j<m(n,T*) n<k<m(n,T*) |; S0,



and

w(0;.,) <w(@;—1,) — v,€ for j € {n+1,...,mn,T*) ATpn (n)},

where we have used that Iy (0) < ]I['w(LHIC)]a/4 (w (0)) for any 6 € K5 D K.

We first prove four intermediate claims, which will lead to the conclusion that if n > 0 /2(T/4(N)) then
w(by) € [w(LNK)],.

1. Foralln > N, 7o/4 (n) < m(n,T™).

2. Let I € Nand a1 < by < -+ < ay < by be such that [w(LNK)],, = U/_, [ai,b;]. For any n > N,
w(f,) > as.

3. Using the notation above, define b (0,,) := max {b € {a1,b1,ba,...,br}: b <w(0,)} for any n > 1. For
i N, ifw(0;) ¢ [w(LNK)],,, thenfor j =i+1,...,7q/4()) =1, w(0;) € [b(0:) — /4, w(0;) + /8.

4. For any ¢ > N, if w(0;) € [w(LNK)],, (and even if w(0;41) ¢ [w(LNK)], /) then w (0i11) €
[’lU(ﬁm’C)]3a/4~

We prove these four points:

1. For any n > N , assuming 7, /4 (n) > m(n,T*), we have

m(n,T*) m(n,T*)
0< w(ém(n,T*),n) < w(én,n) —¢€ Z v < ||wHIC5 —€ Z Vs
j=n+1 Jj=n+1
which leads to a contradiction
m(n,T*)
wll, —€ Z ¥ < = lwlx, + Ym@mr+18 < = lwlk, /2
Jj=n+1

for our choice of T* and X'. Therefore for n > N, 74,4 (n) < m(n,T*) < 4o0.

2. ffw(0n) < ay, then w(0;,) < w(j_1,,) —7;€ for n < j <m(n, T*) yielding that 7/4(n) > m(n, T*),
which contradicts Step 1.

3. From Lemma 3 and our choice of §' for j =i +1,... s Tayali)
w(l:) Sw(0;) —e Y v < w(by), |w(B:) —w(8)] < a/s,
k=i+1
hence

w(b;) < w(b;) + /8.
Now since v;,; < X' <n/(2]|h[|c) and from Eq. (4) we also have that for j =i+ 1,...,74/4(%)
w(05:) — w(O;41,0)] < /8,
so that {w (0;;);5=1+1,...,7aa(i)} cannot “jump over” [w(L£N K)], 2 whose intervals are at least
of length . Therefore, when w (6;,;) hits [w(L NK)],,q it must lie in the segment [ax, by] where

bi. = b(0;) and moreover w (0;0/4(,-)) cannot lie further than o/8 4+ a/8 = a//4 from the right endpoint

of this segment. The fact that {w (éi,i) ij=i+1,... ,?a/4(i)} is decreasing concludes the proof of
Step 3.

4. With our choice of A" and 6’ and N,

k
Vigah (0) + Yigrbira] < Vi 1Pl + sup Z Vi
n+1<k<m(n,T) i=n+1
< n/2+n/2=n,



and consequently from our choice of 7,

|w(0i+1) —w(0;)| < < <

)

~]Q

a
8

and the result follows.

Using these four statements we have that for any n > N, 7/4(n) < m(n,T*), for n <i < 7,4 (n),

w(0;) € [b(0n) — /4, w (0) + /8] and for To/4(n) < i < 00)2(Tasa(n)) — Lw(0:) € [w(LNK)],,,. (6)

We also have from Steps 3 and 4 that w (9%/2(?&/4(“))) € [w(LNK)]3, 4 Let niy=00a)2 (Taya(ng—1)) for
k> 1 and ng = N. We proceed by induction to prove that w(6,) € [w(LNK)], for n > 04/2(Ta/a(N)).
First, w (0,,) = w (9%/2(?(1/4(1\,))) € [w(LNK)|3,,q- Assume that for k > 1, w (0n,) € [w(LNK)]5, 4
then from Eq. (6) for i = ng,...,np1 — 1, w(6;) € [w(LNK)], and w (,,,) € [w (LN K)]34,/4, which
proves that for all n > 0, /2 (?a/4(N)), w(0,) € [w(LNK)],.

Since {w(#;)} is bounded, it has limit points from the Bolzano-Weierstrass theorem. However we have
just proved that these limit points must belong to Naso [w(£LNK)],, since o > 0 was arbitrary. Because
LN K is a compact subset of R" and w is continuous, w (£ N K) is a compact subset of R. This implies
that Naso [W(LNK)], =w (LN K), i.e. all limit points of {w(;)} belong to the set w(LNK), yielding that
lim; oo w (6;) exists. Indeed, if it did not, there would be at least two separate limit points in w(£ N K),
say wy < wy. However lim; o |w (6;) — w (6;—1)| = 0 implies that all points of the interval [wy,ws] are limit
points for {w(;)}, which contradicts 2c of Condition 1. m

«@ MNk+1

Theorem 5 Assume Condition 1. Then lim;_, d(6;, L) = 0.

Proof. Let N' C K be an arbitrary neighbourhood of £LNK. Define for any integer n, 7(n) := inf {j >n,0;., € N}
Fix any o > 0 and apply Lemma 3 and choose A" € (0,c/(9 Allx,) A A] and ¢ € (0,6 A a/3] such that
|w(0) — w(0")] < ea/(9 [Allc,) as long as |9 - 9’| <" and 0,0" € Ks; which is possible since w is uniformly
continuous on the compact Ks. Finally, let T = o/ (3 A, ). By Lemmas 3 and 4 and Eq. (1) there exists an
integer N and sequences {{91-7”}»0 C Ks C @} . such that for any n > N and any j € {n,...,m(n,T)}

the following five inequalities hold:

0 —0in] < &, (7)
Yo < N,
w(ljn) <w(0;-1n) — ;e if § < 7(n), (8)
e

w(0,) — lim w(d;)| < ——, (9)

‘ i—o0 18 |||,

and 4
J «
Z Viki| < 3 (10)
i=n-+1

We prove that 7(n) < m(n,T) for n > N. Assume that for some n > N we have 7(n) > m(n,T). Then
from Eq. (8),

m(n,T) m(n,T)
w(gm(n,T),n) - w(an,n) = Z [w(glvn) o w(ai_lvn)} s —€ Z Vi
1=n+1 1=n+1
From Eq. (7) we have
w(em(n,T)) - w(en) = w(am(n,T)) - w(ém(n,T),n) + w(ém(n,T),n) - w(én,n) + w(én,n) - w(an)
—_——
=0
ca m(n,T)
< — —¢ Yi- (11)
9 ||h‘||IC5 i;l



In turn, from Eq. (9) we have that the LHS of Eq. (11) is bounded in absolute value by 2 x ag/(18 [|h|, ),

hence
m(n,T)

Xe! Xe!
—€ Z Vi (12)

- <
oNhll, ~ 9l 2=,

On the other hand, from our choice of A" and the definition of m(n,T) we have

o m(n,T)+1
T = < Vi
3 Hh’HiC(; i;{-l
o m(n,T)
annn - Ym(n,T < Vi
Bllll, T ;

contradicting Eq. (12) since "Ym(n,T)-H’ < a/(9|h|lk,). Consequently 7(n) < m(n,T) for all n > N. Now,

for any integers 0 < n < k we have

k

K
Ok —On = Z Yih(0i-1) + Z Viki

i=n+1 i=n+1

so that for any integers n, k such that n < k < m(n,T),

k k
0k = 0nl < MBll, Y vi+| D viks
1=n—+1 1=n—+1
a l
< -+ sup Z 7i&il - (13)
3 n<i<m(n,T) i=n+1

In turn this implies that for n > N,

k
d(any-/\/') S |é7"(n),n - 97"(70‘ + |0‘T'(n) - 6‘n| S 6/ + ||hHIC5 T+ sup Z 7151
n<k<m(n,T) i=n+1
< S4o+o=

which can be made arbitrarily small. =
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