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Abstract
In this short note we present a proof, aimed at beginners, of the convergence of the stochastic

approximation recursion �i+1 = �i+
i+1h(�i)+
i+1�i+1 under the classical 0-level Kushner-Clark noise
condition when the underlying dynamic is Lyapunov stable. The technique of proof relies on simple
calculus arguments and bypasses the need for the introduction of the associated continuous time ODE.
Future work includes the extension of the result to the case where the 0-level Kushner-Clark condition
is replaced with a r-level condition for r > 0 [2].

We study the convergence of the recursion

�i+1 = �i + 
i+1h(�i) + 
i+1�i+1;

for a given function h : � ! Rn� , a sequence of stepsizes f
ig and a noise sequence f�ig under simple and
veri�able conditions. We de�ne for any T > 0

m(n; T ) := max

(
j � n :

jX
i=n+1


i � T
)

with the convention that for any sequence faig,
Pn

i=n+1 ai = 0. The required conditions are as follows:

Condition 1 We work here with the following assumptions:

1. � is an open subset of Rn� for some integer n� � 1.

2. h : � ! Rn� is continuous and there exists a continuously di¤erentiable function w : � ! [0;+1)
such that:

(a) L := f� : hrw(�); h(�)i = 0g is non-empty.
(b) For any � 2 �r L, hrw(�); h(�)i < 0,
(c) The closure of w (L) has an empty interior.

3. f
ig � R+ and
P+1

i=1 
i = +1 and limi!1 
i = 0.

4. f�ig � K for some compact set K �� such that K \ L 6= ;.

5. For any T > 0

lim sup
n!1

sup
n�k�m(n;T )

�����
kX

i=n+1


i�i

����� = 0: (1)

We de�ne for any n � 0, �n := supn�k�m(n;T )
���Pk

i=n+1 
i�i

���. Following [1] we prove that these conditions
are su¢ cient to ensure the convergence of f�ig to L. We will use the following notation: for any � > 0 and
K � � we de�ne K� = fx 2 � : d(x;K) � �g, where d(x;K) := inf fjx� yj; y 2 Kg. For � : � ! Rn�
will denote k�kK = supx2K j�(x)j. For a; b � 0 we de�ne �(a; b) := [0; a] � [0; b]. Our main result is that
limi!1 d(�i;L) = 0. We preface the main result with several intermediate lemmas.
The following result is proved in Lemma 2.1 of [1].
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Lemma 2 Assume Condition 1. Then for any compact set K � � such that 0 < inf�2K jhrw; hij and any
" > � sup�2K hrw; hi there exists � > 0 and � > 0 such that for any �; j�j 2 �(�; �) and � 2 K we have
w (� + �h (�) + ��) � w (�)� �".

We adapt Lemma 2.4 of [1] to the weak noise condition.

Lemma 3 Assume Condition 1. Let N � � be an open neighbourhood of L \ K.Then there exist positive
constants �0; � � �0; " and � (depending only on the set N ), such that for any �0 2 (0; �], any �0 2 (0; �]
and any T > 0 one can �nd an integer N and de�ne sequences

n�
��i;n

	
i�0 � K�0 � �

o
n�N

such that for

any n � N
sup

n�j�m(n;T )

���j � ��j;n�� � �0; 
n � �0 and

w(��j;n) � w(��j�1;n)� 
j" for all integers j 2 fn+ 1; : : : ;m(n; T ) ^ ��N (n)g ;

where ��N (n) := inf
�
k : n � k � m (n; T ) ; ��k;n =2 N

	
.

Proof. Let �0 > 0 be such that K�0 � �. The set K�0 r N is compact and supK�0
rN hrw; hi < 0. By

Lemma 2.1 in [1], choosing " > 0 such that supK�0
rN hrw; hi < �", one may �nd � > 0 and � > 0 small

enough so that for any (�; j�j) 2 �(�; �) and � 2 K�0 rN

w (� + �h(�) + ��) � w (�)� �": (2)

Now one may choose 0 < � � �0 such that for all
�
�; ��
�
2 K �K� satisfying j� � ��j � �,��h(�)� h(��)�� � � (3)

from the uniform continuity of h on K�. Under Eq. (1), for any
�
�0; �0

�
2 �(�; �) and T > 0 there exists an

integer N = N
�
�0; �0

�
such that for any n � N we have (
n;�n) 2 �(�0; �0). Now for any n � N we de�ne�

��i;n
	
as ��n;n = �n,

��i;n = ��i�1;n + 
ih(�i�1); (4)

for n+ 1 � i � m(n; T ), and ��i;n = 0 otherwise. By construction, for n+ 1 � i � m(n; T ) we have

�i � ��i;n =
iX

j=n+1


j�j ;

which implies that for any n � N , supn�j�m(n;T )
���j � ��j;n�� � �0. The two �rst statements of the lemma

follow. On the other hand, for any n � N and n+ 1 � i � m(n; T ) we have

��i;n = ��i�1;n + 
ih(
��i�1;n) + 
i

�
h(�i�1)� h(��i�1;n)

�
; (5)

and since j�i�1 � ��i�1;nj � �0 � �, Eq. (3) implies that
��h(�i�1)� h(��i�1;n)�� � �. Consequently Eq. (2)

implies that whenever ��i�1;n 2 K� rN , w
�
��i;n

�
� w

�
��i�1;n

�
� 
i", which concludes the proof.

Lemma 4 Under Condition 1, the limit points of fw(�i)g belong to w (L \ K).

Proof. For any � > 0 de�ne the set [w(L \ K)]� = fx 2 R : d (x;w (L \ K)) � �g and let � > 0 be such that
for �; �0 2 K� such that

��� � �0�� � �, ��w (�)� w ��0��� � �=8 - such a � exists since w is continuous and K� is
a compact set. Since kwkK < +1, for any � > 0, [w(L \ K)]� is a �nite union of disjoint closed intervals of
length at least 2�. For any integer n, we de�ne ��� (n) := inf

�
k : n � k � m(n; T ) : w

�
��k;n

�
=2 [w(L \ K)]�

	
and ��(n) := inf fk � n : �k =2 [w(L \ K)]�g ; with the convention that inf f;g = +1.
For any � > 0 de�ne N :=

n
� 2 K : w (�) 2 [w(L \ K)]�=4

o
and apply Lemma 3 for �0 � f�= (2 khkK)g^

�, 0 < �0 � � ^ f�=2g and T � = 2 kwkK�
=", where �; �0; " and � are de�ned in Lemma 3. This together with

Condition 1 shows the existence of an integer N = N(�0; �0) and sequences
n�
��i;n

	
i�0

o
n�N

satisfying for

any n � N

sup
n�j�m(n;T�)

���j � ��j;n�� = sup
n�k�m(n;T�)

�����
kX

i=n+1


i�i

����� � �0 ; 
n � �0;
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and
w(��j;n) � w(��j�1;n)� 
j" for j 2 fn+ 1; : : : ;m(n; T �) ^ ��N (n)g ;

where we have used that IN (�) � I[w(L\K)]�=4 (w (�)) for any � 2 K� � K.
We �rst prove four intermediate claims, which will lead to the conclusion that if n � ��=2(���=4(N)) then

w(�n) 2 [w(L \ K)]�.

1. For all n � N , ���=4 (n) < m(n; T �).

2. Let I 2 N and a1 < b1 < � � � < aI < bI be such that [w(L \ K)]�=4 = [Il=1 [al; bl]. For any n � N ,
w(�n) � a1.

3. Using the notation above, de�ne b (�n) := max fb 2 fa1; b1; b2; : : : ; bIg : b � w (�n)g for any n � 1. For
i � N , if w (�i) =2 [w(L \ K)]�=4 then for j = i+1; : : : ; ���=4(i)� 1, w (�j) 2 [b (�i)� �=4; w(�i) + �=8].

4. For any i � N , if w (�i) 2 [w(L \ K)]�=2 (and even if w (�i+1) =2 [w(L \ K)]�=2) then w (�i+1) 2
[w(L \ K)]3�=4.

We prove these four points:

1. For any n � N , assuming ���=4 (n) � m(n; T �), we have

0 � w(��m(n;T�);n) � w(��n;n)� "
m(n;T�)X
j=n+1


j � kwkK�
� "

m(n;T�)X
j=n+1


j ;

which leads to a contradiction

kwkK�
� "

m(n;T�)X
j=n+1


j � �kwkK�
+ 
m(n;T�)+1" � �kwkK�

=2

for our choice of T � and �0. Therefore for n � N , ���=4 (n) < m(n; T �) < +1.

2. If w (�n) < a1, then w(��j;n) � w(��j�1;n)� 
j" for n � j � m(n; T �) yielding that ���=4(n) � m(n; T �),
which contradicts Step 1.

3. From Lemma 3 and our choice of �0 for j = i+ 1; : : : ; ���=4(i)

w(��j;i) � w(�i)� "
jX

k=i+1


k � w(�i),
��w(��j;i)� w(�j)�� � �=8;

hence
w(�j) � w(�i) + �=8:

Now since 
j+1 � �0 � �= (2 khkK) and from Eq. (4) we also have that for j = i+ 1; : : : ; ���=4(i)��w(��j;i)� w(��j+1;i)�� � �=8;
so that

�
w
�
��j;i
�
; j = i+ 1; : : : ; ���=4(i)

	
cannot �jump over�[w(L \ K)]�=2 whose intervals are at least

of length �. Therefore, when w
�
��j;i
�
hits [w(L \ K)]�=4, it must lie in the segment [ak; bk] where

bk � b (�i) and moreover w
�
����=4(i)

�
cannot lie further than �=8+�=8 = �=4 from the right endpoint

of this segment. The fact that
�
w
�
��j;i
�
; j = i+ 1; : : : ; ���=4(i)

	
is decreasing concludes the proof of

Step 3.

4. With our choice of �0 and �0 and N ,

��
i+1h (�i) + 
i+1�i+1�� � 
i+1 khkK + sup
n+1�k�m(n;T )

�����
kX

i=n+1


i�i

�����
� �=2 + �=2 = �;
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and consequently from our choice of �,

jw(�i+1)� w(�i)j �
�

8
<
�

4
;

and the result follows.

Using these four statements we have that for any n � N , ���=4(n) < m(n; T �), for n � i � ���=4 (n),

w(�i) 2 [b(�n)� �=4; w (�n) + �=8] and for ���=4(n) � i � ��=2(���=4(n))� 1; w (�i) 2 [w (L \ K)]�=2 : (6)

We also have from Steps 3 and 4 that w
�
���=2(���=4(n))

�
2 [w (L \ K)]3�=4. Let nk = ��=2

�
���=4(nk�1)

�
for

k � 1 and n0 = N . We proceed by induction to prove that w(�n) 2 [w(L \ K)]� for n � ��=2(���=4(N)).

First, w (�n1) = w
�
���=2(���=4(N))

�
2 [w (L \ K)]3�=4. Assume that for k � 1, w (�nk) 2 [w (L \ K)]3�=4,

then from Eq. (6) for i = nk; : : : ; nk+1 � 1, w (�i) 2 [w (L \ K)]� and w
�
�nk+1

�
2 [w (L \ K)]3�=4, which

proves that for all n � ��=2
�
���=4(N)

�
, w (�n) 2 [w (L \ K)]�.

Since fw(�i)g is bounded, it has limit points from the Bolzano-Weierstrass theorem. However we have
just proved that these limit points must belong to \�>0 [w(L \ K)]�, since � > 0 was arbitrary. Because
L \ K is a compact subset of Rn� and w is continuous, w (L \ K) is a compact subset of R. This implies
that \�>0 [w(L \ K)]� = w (L \ K), i.e. all limit points of fw(�i)g belong to the set w(L\K), yielding that
limi!1 w (�i) exists. Indeed, if it did not, there would be at least two separate limit points in w(L \ K),
say w1 < w2. However limi!1 jw (�i)� w (�i�1)j = 0 implies that all points of the interval [w1; w2] are limit
points for fw(�i)g, which contradicts 2c of Condition 1.

Theorem 5 Assume Condition 1. Then limi!1 d(�i;L) = 0.

Proof. LetN � K be an arbitrary neighbourhood of L\K. De�ne for any integer n, ��(n) := inf
�
j � n; ��j;n 2 N

	
.

Fix any � > 0 and apply Lemma 3 and choose �0 2
�
0; �=(9 khkK�

) ^ �
�
and �0 2 (0; � ^ �=3] such that

jw(�)� w(�0)j � "�=(9 khkK�
) as long as

��� � �0�� � �0 and �; �0 2 K�; which is possible since w is uniformly
continuous on the compact K�. Finally, let T = �=

�
3 khkK�

�
. By Lemmas 3 and 4 and Eq. (1) there exists an

integer N and sequences
n�
��i;n

	
i�0 � K�0 � �

o
n�N

such that for any n � N and any j 2 fn; : : : ;m(n; T )g
the following �ve inequalities hold: ���j � ��j;n�� � �0; (7)


n < �0;

w(��j;n) � w(��j�1;n)� 
j" if j � ��(n); (8)����w (�n)� lim
i!+1

w(�i)

���� < "�

18 khkK�

; (9)

and �����
jX

i=n+1


i�i

����� � �

3
: (10)

We prove that ��(n) < m(n; T ) for n � N . Assume that for some n � N we have ��(n) � m(n; T ). Then
from Eq. (8),

w(��m(n;T );n)� w(��n;n) =
m(n;T )X
i=n+1

�
w(��i;n)� w(��i�1;n)

�
� �"

m(n;T )X
i=n+1


i:

From Eq. (7) we have

w(�m(n;T ))� w(�n) = w(�m(n;T ))� w(��m(n;T );n) + w(��m(n;T );n)� w(��n;n) + w(��n;n)� w(�n)| {z }
=0

� "�

9 khkK�

� "
m(n;T )X
i=n+1


i: (11)
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In turn, from Eq. (9) we have that the LHS of Eq. (11) is bounded in absolute value by 2� �"=(18 khkK�
),

hence

� "�

9 khkK�

� "�

9 khkK�

� "
m(n;T )X
i=n+1


i: (12)

On the other hand, from our choice of �0 and the de�nition of m(n; T ) we have

T =
�

3 khkK�

�
m(n;T )+1X
i=n+1


i

�

3 khkK�

� 
m(n;T )+1 �
m(n;T )X
i=n+1


i;

contradicting Eq. (12) since
���
m(n;T )+1��� < �=(9 khkK�

). Consequently ��(n) < m(n; T ) for all n � N . Now,
for any integers 0 � n � k we have

�k � �n =
kX

i=n+1


ih(�i�1) +
kX

i=n+1


i�i

so that for any integers n; k such that n � k � m(n; T ),

j�k � �nj � khkK�

kX
i=n+1


i +

�����
kX

i=n+1


i�i

�����
� �

3
+ sup
n�l�m(n;T )

�����
lX

i=n+1


i�i

����� : (13)

In turn this implies that for n � N ,

d(�n;N ) � j����(n);n � ���(n)j+ j���(n) � �nj � �0 + khkK�
T + sup

n�k�m(n;T )

�����
kX

i=n+1


i�i

�����
� �

3
+
�

3
+
�

3
= �

which can be made arbitrarily small.
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