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Abstract— Multi-agent coordination problems can be cast
as distributed optimization tasks. Probability Collectives (PCs)
are techniques that deal with such problems in discrete and
continuous spaces [15]. In this paper we are going to propose
a new variation of PCs, Sequentially updated Probability
Collectives. Our objective is to show how standard techniques
from the statistics literature, Sequential Monte Carlo methods
and kernel regression, can be used as building blocks within PCs
instead of the ad hoc approaches taken previously to produce
samples and estimate values in continuous action spaces.

We test our algorithm in three different simulation scenarios
with continuous action spaces. Two classical distributed op-
timization functions, the three and six dimensional Hartman
functions [6] and a vehicle target assignment type game [1].
The results for the Hartman functions were close to the global
optimum, and the agents managed to coordinate to the optimal
solution of the target assignment game.

I. INTRODUCTION

Multi-agent systems solve applications in which agents
should act independently to achieve a common goal. This
kind of problem can be solved using distributed optimization
algorithms. In this paper we will consider cases where the
agents should coordinate to accomplish a task in continuous
action space without discretising it.

Probability collectives [15] are optimization techniques
that can be used for such problems. The goal of these
algorithms is to find a product distribution that optimizes
the expected utility of the multi-agent system. This product
distribution consists of a probability distribution over each
agent’s action space. The PC framework iteratively updates
these distributions, with each agent ‘responding’ to the
distributions of the others.

The solution that we obtain from PC algorithms requires
integration over the distributions of the other agents. In con-
tinuous actions, with general distributions over these spaces,
it is impossible to even write down the distribution explicitly,
and therefore impossible to share the distributions or perform
integrations. A solution to this problem is to approximate
this integral using sampling methods. Additionally when the
action spaces are continuous we have to extrapolate the
results of the sampling methods to cover the whole range
of the actions.
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Our aim is to introduce standard statistical techniques into
the main framework of PCs, replacing the ad-hoc techniques
that have been used till now for these two building blocks of
PC algorithms. In particular we will use Sequential Monte
Carlo [8] to produce samples and kernel regression [9], [12]
to perform the extrapolations.

The remainder of this report is organized as follows. The
next section contains a description of probability collectives.
Sections III and IV present a brief description of the sta-
tistical methods we are going to incorporate in the PCs
framework. Section V describes the proposed variation of
probability collectives. The results of the Hartman’s func-
tions simulations are in Section VI and those of the vehicle
target assignment game are presented in Section VII. Finally,
in the last section we are present some conclusions and future
work.

II. PROBABILITY COLLECTIVES

Probability collectives are a suite of decentralized
algorithms which are used to solve distributed opti-
mization problems. Most optimization methods search
for an x € RV that optimizes a reward function
G(x). In contrast PCs search for a product distribution
q(x) =qi(x1) x ... xqi(x;) X ... x gn(xy) that optimizes the
expected value of G(x). More precisely, for a minimization
problem, PC algorithms search for a distribution g € Q,
where Q is the set of all the product distributions, that
minimizes E,(G(x)) [15].

In [15] entropic barrier functions, S, and Lagrange mul-
tipliers, A;, were introduced to encode the constraint that
each g; must be a probability distribution that puts mass in
all areas of action space. This results in the new objective
function:

La,T) = Ey(G) ~T L 8(a) + LA [ aits)dxi—1) (D

where S(g;) = — [, qi(xi)log gi(x;)dx; is the Shannon entropy
and T is a temperature parameter. Following Wolpert we will
call expression (1) the Maxent Lagrangian.

PCs search for the critical points of the Maxent La-
grangian. We can find these critical points if we set the
derivative of expression (1) equal to zero. Brouwer’s fixed
point theorem ensures that solutions exist. The form of these
solutions up to a multiplicative constant is the following:

qi(x;) o< e Ea_i(Glx)/T )
where E, ,(Glx;) is the expected value of the reward function
under the probability distribution g; X ... X gj—1 X git1 X ... X



gy conditional on the value x;. More formally
Eq (Glxi) = /G(x)qfi(xfi)dxfi 3)
where x = (x;,x—i). We can express the solution as

bi(q-i)(xi) = k-exp(—Eq_,(Glxi)/T) )

where k is a constant.

Because there is no easy analytical solution of equation

(2) we can search for solutions by iteratively setting:

¢ =bi(¢;) ¥V i=1,...,N (5)
Following Wolpert we will call this the parallel Brouwer
updating method. This is because of its link to the Brouwer
fixed point theorem.

The simultaneous update of all the distributions g; has
as an effect that it is possible to observe thrashing [15].
This describes the situation where each agent updates his
distribution according to the previous values of the other
agents’ distributions, but since all the agents are changing
their distributions there is no guarantee that the new product
distribution ¢'*! will not increase the Maxent Lagrangian. It
is worth noting that a similar phenomenon is well known in
game theory and indeed it is possible to consider PCs as a
type of learning in games [15], [13], [11].

Several techniques have been proposed to avoid thrashing.
These include serial updates where only some of the gis are
updated between time ¢ and 7+ 1, and moving ¢ part way
towards b;(q"- _l-l). This article does not address techniques to
avoid thrashing, and throughout we set

¢ =(1—a)g +abi(d ;). (6)

In this report we are concerned with decentralized opti-
mization when the action spaces are continuous, and exclude
techniques that discretise to reduce the problem to the
discrete case. In this context it is impossible to write and
perform calculations directly with a density function g;. This
is because it is not feasible to compute ¢} pointwise and, as
a result of this, the agents cannot share their distributions
to evaluate equation (4). Hence sampling techniques must
be used. Two have currently been suggested in the PCs
literature.

The first one is called delayed sampling PCs [14]. Under
this scheme at time ¢ agents sample from their distributions ¢’
using a full Markov Chain Monte Carlo (MCMC) sampler.
Then the agents use this sample for the next L iterations
of the algorithm to evaluate expectation (3). Then at time
t+ L+ 1 we sample again using MCMC with target distribu-
tion ¢/ 1. We continue this procedure until the termination
of our algorithm. Since the samples x},., are distributed
according to g%, but are used to evaluate Eq,+_/(G|x,~), for
1=0,...,L, “data-aging” techniques must be used to ensure
validity of the estimate. One such approach is to apply
rejection sampling to x} .y, resulting in a sample xﬁlM from
¢!, where M <N

The other variation of probability collectives is called
immediate sampling [14]. Instead of using the same sam-
ple from distribution ¢! for / time steps, we sample from
the current distribution on each iteration using importance
sampling. We produce a sample x; .y from a distribution
g(x) which is easy to sample from and is similar to ¢}. Then

we calculate the weights of the sample using the expression
! q? (Xitn)
in T gi(xi) " T ) i
expectation, using the identity

/ G(xi;xfi)[I;IQj(xj)}dx*i

w . This sample can be used to evaluate the desired

N
] = Z G(Xn)W7,’7n (7)

where W_in= Hj;éi Wim

Choosing g is difficult. For that reason we are going to
introduce Sequential Monte Carlo (SMC) methods, which
generalize importance sampling to the case of a sequence of
distributions.

An additional problem in continuous action spaces is the
estimation of E(G|x;) for values of x; that are not present
in the sample of g;. The solution that has been proposed
[15] is to use regression. When we are using regression we
are able to extrapolate the estimation of G(x) in the whole
range of x. In particular in [2] a simple regression based on
exponentially weighted averaging across samples is used. In
this article we introduce the standard and well understood
approach of kernel regression [9], [12] to the PCs technique.

III. SEQUENTIAL MONTE CARLO SAMPLERS

Consider a general case where there is a sequence of dis-
tributions 7' ~!, where t = 1,...,T, and we want to evaluate
En f(x'). When we cannot evaluate this integral analytically
a common approach is to make an approximation based on
sampling methods. Sequential Monte Carlo samplers [8] are
used for this approximation in a sequential context.

SMC samplers can be viewed as a generalization of
sequential importance sampling that also have some of the it-
erative approximation benefits of MCMC algorithms. At time
 there is a weighted sample, (x|, w/ ), named “particles”.
The SMC algorithm uses these particles to generate a sample
from 7' through re-weighting, re-sampling if it is necessary
and moving. Under the assumption that distribution 7 is
not very different from n'~!, Figure 1 can describe an
approximately optimal [8] SMC algorithm.

At time t = 0 we have an equally weighted set of particles
(x9,,w). ) from a distribution z°. Then for each iteration ¢,
t=1,...,T, we create a weighted sample from distribution
n’. If we follow the method of Section 3.3.2.3 of [8] then
we can use the following formula to update the weights:

U | ﬂ,ﬁ(xifl)

w — -
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Fig. 1. Sequential Monte Carlo procedure

The current set of particles {x' 1, w}. v} are now a weighted
sample from distribution 7’.

The SMC approaches suffer from a degeneracy problem.
After a number of iterations most particles will have small
weights, so only few of them will influence the final re-
sult. For that reason a re-sampling procedure has to be
introduced. In this report when the effective sample size
Neffective = w is smaller than a threshold number Ny,
then we use stratified re-sampling [7] to avoid the degeneracy
of the weights.

In the case we have to use re-sampling then our sample
will consist of copies of particles with high weights from our
initial sample. This narrows the number of unique samples
and thus there is a need for greater divergence in the sample.
For that reason we propagate the sample x’f]\} using a single
move of an MCMC sampler with stationary distribution 7’
In this article we are going to use a random walk Metropolis-
Hastings algorithm to propagate the samples. In this case we
will propose a sample x/, from a symmetric distribution about

x~1, then accept it with probability ¢!, = = min{l, - it = 2)}

IV. KERNEL REGRESSION

Suppose we have a sample of pairs (xj.y,y1:x) and we
wish to form an estimate of the function f(x) = E(y|x). A
standard non-parametric technique, based on kernel density
estimation, is the Nadaraya-Watson estimator [9], [12]

o T Ky(x—X,)Y,
f(X) a Zg:lKh(x_Xn)

where h is a bandwidth parameter of the regression and K,
is a kernel function. In this report we take:

9

Ky (1) = (2mh) ™2 exp {—u®} /2h. (10)
and automatically calculate the bandwidth /4 using
M (|x(k) —M(x(k
M) MG )

(30.6745N)02

where M(x) = median(x) [4].

This is an estimation for the kernel regression when the
sample is equally weighted. In the case that the sample is
weighted with w; denoting the weight of sample X;, the
formula slightly changes and has the following form [5]:

ZnNzl Kh(x - Xn)WnYn

Eo1 Kn(x = Xa) wi >

fo=

We used Nadaraya-Watson regression, instead of more
recent approaches like local polynomial regression, because
it is easy to implement, it has been widely studied and also
it is proved to be consistent [9], [12], [5].

V. SEQUENTIALLY UPDATED PROBABILITY
COLLECTIVES

In this section we describe how we can incorporate
the SMC algorithm and kernel regression, as described in
previous sections, into probability collectives. Our proposed
algorithm is described in Figure 2

t=t+1 Non-
share the Parameric
weights regression
Propagate
the sample Brower
using updating
Metropolis
Hastings

Algorith
Reweight
& resample if

necessary

Fig. 2. PC algorithm with SMC

At time 7 each agent has a set of particles (W] ;. vif'il:l]v)
and corresponding observations Gy.y of the utility function.
When the action space is continuous we need to estimate the
value of E qff_l(G(x)\x,-). Since the expectation is over x_;,
conditional on X;, the correct weights to use in our kernel
regression are w’:i]. See equation (7). Thus formula (12)
can be used to evaluate this expectation which results in the
following expression:

ZnN:IKh(xl xfnl) —tnG(xilil)
ZnNleh(x,'—x’» I)Wt »1 ’

in —i,n

E 1 (Gx)) = (13)
Now it is possible to evaluate b;(¢'~;')(x) for any x and
use the Brouwer updating method to give ¢%(x). To avoid
thrashing we will use formula (6) for this update.

Next we create a weighted sample as described in
Section III, using equation (8) to update the weights. The
new weights of agent i will be :

t ]qln([ 1)
in — Wln q{ I(XI 1)'

in in

(14)

s

The set of particles that it is available now, (W?—i,lzzvaxﬁzlzv)
is a weighted sample from ¢. If it is necessary we re-sample
to avoid degeneracy of the weights.

Finally we propagate the sample introducing random walk
Metropolis Hastings moves. We initially propagate the sam-
ple ¥/} 1.y adding some random noise & .y ~ N(0,0 2), where
6 = 0.01. The new sample will be x”ﬁWN = xillN + € 1.y

We accept sample x,"flw, S0 X}, f’flw , with probability

,q;(x?q) . - Hence to accept or



Hartman3 Hartman6
Value Type Value Type
-1.0008 local -1.0116 local
-2.6722 local -1.5099 local
- 3.0796 local -3.2036 local
-3.7618 local -3.2028 local
-3.8628 | global | -3.3224 | global
TABLE I

MINIMA OF HARTMAN’S FUNCTION

reject the sample we need to evaluate ¢! (x*") for arbitrary
X", We can use the results of the kernel regression we have
until time 7 to compute g}(x"") as follows:

g ") = g ("")(1-a) +bi(gL) (") (1-a) o
+...+bi(d ) ().

15)

VI. HARTMAN’S FUNCTIONS

We tested our algorithm using two functions that are used
to examine the performance of distributed optimization al-
gorithms, the three and six dimensional Hartman’s functions
[6]. The form of the Hartman’s functions are:

Za,exp ZAUX P,j))

i=1 j=1

4
- Zaiexp
i=1

for the three and six dimensions respectively, where the rows
of P and R represent the locations of the functions’ local
minima, A and B are proportional to the value of the Hessian
evaluated at the points of these minima and a is the depth of
the minimum [6]. In addition to the global minimum there
are four local minima with values as in Table .

(16)

Bij(Xj — Rij)*) (17

H[V]o

A. Results

We compared the results of the sequential PC algorithm
with the basic PC algorithm that is presented in [10]. In par-
ticular we used two variations of this algorithm, a centralized
one that uses information also about the correlation between
the agents and one that is decentralized assuming that the
agents are independent.

We tested the algorithms using two different stopping
criteria, the first one was when the relative change in the
utility we gain was smaller than 0.01, and the latter one was
to stop the algorithm after a fixed number of iterations [3].
We run 100 trials of each problem and in each trial we used
the same initial sample for all the algorithms.

The results we present in this section were obtained using
temperature parameter 7 = 0.1 and inertia parameter @ = 1.
We set the inertia parameter to this extreme value because
we didn’t observe thrashing and also the algorithm converged
faster to the optimal solution. For the three dimensional case
we used 50 particles, and the fixed stopping criterion was

set to 10 iterations of the algorithm. When we used higher
number of particles the performance of all the algorithms
was very similar, thus we preferred to use a small number
of particles, i.e. 50 particles, so we were able to observe
some differences between the algorithms. In six dimensions
we increased the number of particles to 500 and the iteration
number to 25. In both cases we used a small number of
iterations because, as well as convergence of the algorithm to
the global optimum, we are also interested in the speed of the
convergence of the algorithm. This is because in numerous
applications there are restrictions on the communications
and the most preferable solution is the one where fewest
messages are exchanged between the agents. As performance
measurement we compute the best observed function value
in each trial and the number of trials each algorithm failed
to converge to the global optimum. The condition we set to
choose if the algorithm had converged to the global optimum
was the following: in a trial if the obtained utility was less
than the mid-point of the global minimum and its nearest
local minimum we assumed that the algorithm had converged
to the global minimum, otherwise it had converged to the
local one.

Table II illustrates the results for the three different al-
gorithms. For the three dimensional case when we used the
stopping criterion the SPC performed better than the other
two variations of PC. When we allowed more iterations for
each trial then PCyecentratizea performed better.

In the six dimensional case SPC performed better whether
or not we used the stopping criterion. The average utility
we obtained after 100 trials combined with the associated
standard deviation, as they are in Table II, does not provide
enough evidence to decide if the SPC has significantly
better results than the other two PC variations, especially the
decentralized one. This is because the distance between the
global minimum and its nearest local one is small. But if we
observe the times that each algorithm became trapped in the
local minimum area then we can observe that SPC performs
significantly better than the other two algorithms. Figure 3
depicts the number of the trials that SPC and PCyocensratize
were trapped in an area near to the —3.20 minimum and
how many times manage to reach an area near to the global
minimum —3.32. In 48 % of the trials PCyecensralise Stopped

- 3P
318] 2 Plicertraisen
5ol Hd% %OO@@O@OOQ @ @é)d%o‘)@

32

-3.24

utlity
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-328
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trial

Fig. 3. Convergence of the SPC and PCpecentratized algorithms.



in an area near to the local minimum, whereas the SPC
algorithm was stuck in this local minimum only 4% of the
time.

VII. VEHICLE TARGET ASSIGNMENT TYPE OF GAME

A. Problem definition

We have also tested our algorithm in a vehicle target
assignment type game [1]. Sensors have been placed at the
corners of a unit square aiming to observe the objects that are
inside this area. The sensors can choose a direction x € [0, 7]
to observe. According to this direction there is a probability
to observe the objects around them, which depends on the
angle, 0, between the direction that the sensor has chosen to
observe and the object. This probability depends also on the
distance, r, that the object has from the sensor. A description
of the simulations set up is depicted in Figure 4.

sensor's direction

—— —distance between target and sensar
+  censor position
#  ohject position

Fig. 4.  Simulation scenario description. The solid line represents the
direction x of the sensor and the dashed one is the distance r between
the sensor and the object

For a sensor i the probability to observe an object j, p;j,
is given by the following formula:
1 cos(46;;)+1
Pii= 5 Ley<h (18)

This formula denotes that a sensor has higher chance to
observe objects that are close to the direction he has chosen.
In the case that an object is further than 7 radians to the left
or to the right of the direction of a sensor, then this sensor
cannot observe this object, and so p;; = 0.

The probability a sensor i observes an object j is indepen-
dent from the other sensors. Hence the probability that an
object will be observed by any sensor is 1 — [T, (1 — p;;).
Assuming the value of observing an object is V;, we compute
the utility it produces as the product between its value and
the probability to be observed.

G;i=V,(1—]](1-pi))

which leads to the following form of global utility:

G:ZGj.
J

19)

(20)

B. Results

We have tested our algorithm in 2 different variations of
the scenario that was described in the previous section. In
each experiment we performed our simulations using 100
particles, temperature parameter 7 = 0.1 and inertia parame-
ter a = 0.3. In these experiments we observed thrashing and
for that reason we had to use an inertia parameter smaller
than one.

Our initial experiment was set to test if two sensors will
be able to coordinate to maximize their utility. One of the

01 02 03 04 05 06 07 08 09 sensor 2 direction

(a) Direction of the two sensors (b) Direction of the two sensors
and the utility they gain

Fig. 5. Direction of the two sensors when they have to observe two opposed
objects

sensors (sensor 1) was placed at the origin of the axis (0,0),
and the other one (sensor 2) in the opposing direction at
position (1, 1) of the unit square as shown in Figure 5(a).
Figure 5(b) illustrates the results of this experiment after 10
iterations of the algorithm. The y and x axis of the contour
plot, in the right top corner of the figure, represents the
actions of sensor 1 and sensor 2 respectively. The height
of the contour plot describes the utility the agents will gain
if they choose the joint action (x,y). The two dark circles,
at the lower left corner and the top right corner, represent
the areas that the utility is maximized. In the bottom and the
left of this figure we can see the histograms of the actions
(in radians) the agents have chosen. We can observe the two
sensors manage to coordinate and the mass of their particles
create a joint action that is in one of the two areas that
the utility is maximized. Furthermore from Figure 5(a) we
can also observe that the sensors managed to coordinate and
choose a different object to observe and so maximize their
utility.

Our last experiment included one hundred sensors and one
hundred objects in the unit square. In this experiment each
object had a different random value between zero and one.

We allowed 200 iterations of this experiment, with tem-
perature parameter T = 1. Figure 6 illustrates the utility
that the sensors gained when they used SPC to coordinate
(solid line) and the utility they gained when they were
using PCecentratisea (dot line). We can observe that SPC
performs better than PCyocensralisea Since the agents managed
to coordinate to a solution that gives higher utility when they
used SPC. Furthermore the SPC algorithm seems to converge
to a solution since the payoffs are smooth but this is not the
case for the PCgyecentratisea algorithm.



Hartman3 Hartman6
Average Utility Evaluations | Failure %age Average Utility Evaluations | Failure %age
use PContralized -3.515 (0.0925) 350 34 -3.1180 (0.1615) 3500 70
stopping | PCyecentratized | -3-7933 (0.0284) 400 6 -3.2385 (0.0811) 3000 51
criterion SPC -3.8353 (0.0746) 400 10 -32673 (0.0696) 3500 20
fixed PContralized -3.8041 (0.0848) 500 31 -3.2221 (0.0962) 12500 49
iterations | PCpecentratizea | -3-8581 (0.0193) 500 5 -3.2575 (0.0599) 12500 48
SPC -3.8424 (0.0385) 500 10 -3.3127 (0.0238) 12500 4
TABLE II

RESULTS FOR HARTMAN’S FUNCTION FOR DIFFERENT ALGORITHMS

L L L L L
0 0 ] a0 100 120 140 160 1680 200
lteration

Fig. 6. Utility of SPC and PCyecentratised for the case with 100 sensors and
100 objects.

VIII. CONCLUSIONS AND FUTURE WORKS
A. Conclusions

In conclusion, we have introduced a new variation of the
probability collectives algorithm, using standard techniques
from the statistics literature. In particular, kernel regression
was used to smooth and extrapolate the utility for values
of the sample we have not observed. In addition, we used
SMC methods to propagate the sample we needed, using
information that we had from previous time steps of the
iterative procedure.

We tested our algorithm in the three dimensions Hartman’s
function using only 50 particles and SPC performed less well
than the PCpyecensratized- An explanation for this performance
is the small number of particles that were used, since when
we used bigger number of particles in the same example
all the algorithms performed similarly. When we tested our
algorithm in the more difficult example of the six dimen-
sions SPC performed significantly better than the other two
variations of PCs since it managed to converge to the area
of global optimum the 96% of the trials when the best of the
other two variations converged in there only in 52% of the
trials.

Furthermore in the vehicle target assignment game we
observed that the sensors manage to coordinate, and in
particular in the scenario with the 100 sensors and 100
objects it converged to a solution with higher payoffs than
PClecentratisea Which didn’t manage to converge after 200
iterations

B. Future Works

Our ongoing work includes further comparisons of the
proposed PCs algorithm with other kinds of functions, like
badly scaled functions, that will allow us to have a more com-
plete idea for the performance of the algorithm. Also we are
going to test our algorithm in more complicated experiments.
Finally, we are planning to develop an adaptive method to
choose the temperature parameter 7 of our updating method.
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