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1 Introduction

There are numerous applications of multi-agent systems like disaster manage-
ment [1], sensor networks [2], traffic control [3] and scheduling problems [4] where
agents should coordinate to achieve a common goal. In most of these cases a
centralized solution is inefficient because of the scale and the complexity of the
problems and thus distributed solutions are required.

When the objective is optimization this is naturally formulated as an n-player
game [5] [6]. The agents take an action concerning their environment and from
their action they receive a global reward that is the same for all the agents. Then
this reward acts as a potential. The same stands for the players of a partnership
strategic form game, where players have to take an action and their common
global reward depends on the actions of the other players.

Many different learning techniques have been use to solve multi-agent op-
timization problems such as Q-learning [7], minimax-Q learning [8], opponent
modeling [9], WOLF [10] and others. However very few of these have theoretical
convergence results. On the other hand game-theoretic algorithms such as adap-
tive play and fictitious play have been proved to converge although in practice
this convergence can be very slow [11,12]. In this paper we will prove that in
discrete action space a variation of Probability Collectives (PCs) [13], converges
to an optimum. We do this by relating it to generalised weakened fictitious play
[14], which is known to converge in the potential games that are of special interest
in multiagent systems.

2 Probability Collectives

Most optimization methods search for an s € S that optimizes a reward func-
tion G(s). In contrast Probability Collectives search for a product distribution
q(s) = I1; qi(s:), where g;(s;) is the probability that agent i chooses an action
s; € S;, that optimizes the expected value of G(s), Eq(G(s)) [13].

We have to encode the constraints that arise from the fact that each ¢; must
be a probability distribution. These constraints are the following:

Zsiesi qz(sl) =1

qi(s;) >0 foreachi foreachs; € 5;



The first constraint can be encoded using Lagrange multipliers. We can en-
force the second constraint using a barrier function ¢, satisfying ¢(g;(s;)) > 0
when g;(s;) > 0 and ¢(g;(s;)) = oo when ¢;(s;) < 0. We can choose ¢(q) = k + ¢lng,
where k is a constant to ensure that ¢(q) > 0 Vg > 0. Since the minimum of
qlng is —% we can set Kk = % + €, where € is an arbitrary small number close to
zero. Then the objective function that we want to maximize is the following:

Llg.b) = Ey(6) = 3§ (i = S(a) - LMY als) -0 ()

where r; = Y s, K, bi > 0 are inverse temperature parameters, A; are Lagrange
multipliers and S(g;) = — ) g ¢i(si) Ingi(s;) is Shannon’s entropy.

A solution can be found if we search for the critical points of (1), setting its
derivative to zero. Brouwer’s fixed point theorem ensures that solutions always
exist. Their form up to a multiplicative constant is the following:

gi(si = m) o efa—i(Glei=m)bi (2)
where E, . (G|z;) is the expected value of the reward function under the prob-
ability distribution q; X ... X ¢;—1 X ¢;+1 X ... X gy conditional on the value
S; = m.

Because there is no easy analytical solution of equation (2) we could search
for solutions by iteratively setting:

qul = ki(qt—ia bf) (3)

Bop (G(s)lsj=m)b]
where ki(qL;, b)) (si = m) =
Zyi € o 7’

However the simultaneous update of all the distributions ¢; has as an effect
that it is possible to observe thrashing [13], it is worth noting that a similar
phenomenon is well known in game theory. This describes the situation where
each agent updates his distribution according to the previous values of the other
agents’ distributions, but since all the agents are changing their distributions
there is no guarantee that the new product distribution ¢**! will increase the

Maxent Lagrangian. To avoid thrashing we instead consider updates of the form:

gt =1 —a g + o k(gh, b). (4)

—1%)

where a® — 0 as t — oco. We will adaptively choose the temperature parameter
bt using the gradient ascent of (1) with respect to b; which results in the following
update rule:

£ gt—1 1 R t—1
o= b+ (= S, )

where 0 < v < 1 is a stepsize parameter.



3 Convergence of Probability Collectives

The convergence of a distributed optimization algorithm to a local or a global
optimum is equivalent to the convergence to Nash equilibrium of a learning
algorithm in games. It is important to know that there will be convergence
at least to a local maximum, which is stable, rather than producing arbitrary
solutions.

Theorem 1. Our Probability Collectives algorithm, using the Brouwer updat-
ing rule (4) and gradient ascent to update the temperature parameter (5) will
converge to the set of local mazima of G.

Proof. Leslie and Collins (2006) proved that stochastic fictitious play with van-
ishing smoothing results in a generalised weakened fictitious play process and
thus converges to the set of Nash equilibria in partnership games. The updates
of stochastic fictitious play are of the following form:

gt =1 —a" g +a" T (BRYq ) + M) (6)

where BR! is a smooth best response function and the MiH'1 are martingale
differences. A common choice of BR! is the Boltzman function [11]. The prob-
ability collectives updating rule as it is described in (4) results in updates that
can also be expressed as (6) if the temperature parameters b — oo. Hence if we
can show that b! — oo for all i, the ¢}s follow a generalised weakened fictitious
play process, and therefore converge to a Nash equilibrium of the partnership
game which corresponds to the optimum of G.

From this point we will consider only the updates of a single agent i and
for simplicity of notation we will write b! = b;. Then we can rewrite (5) as

by = b1 + bff(fi’ where f(t) > e = 0. Depending on the choice of v the value

of § can be arbitrarily small. We are going to use a 7y such that 0 < § < %
Initially we will show that b; is greater than the series defined by ¢y = by and

g =c_1+ 026 . So if ¢; diverges b; will also diverge. Afterwards we will prove
t—1
that ¢; diverges to finish our proof.

We are going to prove that by > ¢; Vt using induction. We know that by > ¢
(since they are equal) and we will assume that b;_1 > ¢;—1. Then we will show

that bt > Ct.

bt — Ct = bt,1 — Ct—1 + bgjl - C?(il (7)
2 by~ a1+ O — )

The derivative of (7) with respect to b;_; is:

Obr — ¢ 2e
= ]_ —
- b ®

which is always positive, by our choice of vv. Thus b; — ¢; is minimized at 0 when
bs—1 = ¢4—1 and f; = 0. Thus by induction b; > ¢; Vt.



Since we have proved that b; > ¢; V¢, it will suffice to prove that ¢; diverges.
Note that ¢; = ¢+ -2 +...+c%:co+2f:1 3 Suppose ¢; /4 00, s0 3C > 0
0 1

2 P)
-1 Ci—

such that ¢; < C Vt. Hence c% > éVt, and C > ¢; = co—l-zt RS Co(% —
t

=
i=1ci_,

oo. This is a contradiction, so we must have ¢; — oo
O
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